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Abstract —Eilenberg’s variety theorem, a centerpiece of alge¬ 
braic automata theory, establishes a bijective correspondence 
between varieties of languages and pseudovarieties of monoids. 
In the present paper this result is generalized to an abstract pair 
of algebraic categories: we introduce varieties of languages in a 
category A, and prove that they correspond to pseudovarieties of 
monoids in a closed monoidal category S, provided that '/>' and 
S are dual on the level of finite objects. By suitable choices of 
these categories our result uniformly covers Eilenberg’s theorem 
and three variants due to Pin, Polak and Reutenauer, respectively, 
and yields new Eilenberg-type correspondences. 

Index Terms —Eilenberg’s theorem, varieties of languages, 
monoids, duality, automata, coalgebra, algebra. 

I. Introduction 

Algebraic automata theory investigates the relation between 
regular languages and algebraic structures like monoids, semi¬ 
groups, or semirings. A major result concerns varieties of 
languages. These are classes of regular languages closed under 

(a) boolean operations (union, intersection and complement), 

(b) derivatives, i.e., with every language L C E* a variety 
contains its left derivatives a~ x L = {w € E* : aw € L} 
and right derivatives La -1 = {-w € E* : wa £ L} for 
all a £ E, and 

(c) preimages under monoid morphisms / : A* —»• E*. 
Eilenberg proved in his monograph fl2l that the lattice of all 
varieties of languages is isomorphic to the lattice of all pseu¬ 
dovarieties of monoids, these being classes of finite monoids 
closed under finite products, submonoids and homomorphic 
images. Several variants of Eilenberg’s theorem are known in 
the literature, altering the closure properties in the definition of 
a variety and replacing monoids by other algebraic structures. 
Pin lffin introduced positive varieties of languages where in (a) 
the closure under complement is omitted, and he proved a bi¬ 
jective correspondence to pseudovarieties of ordered monoids. 
Later Polak ll20l further weakened (a) by also omitting closure 
under intersection, and the resulting disjunctive varieties of 
languages correspond to pseudovarieties of idempotent semir¬ 
ings. Reutenauer |22| studied a concept of variety where 
(a) is replaced by closure under symmetric difference, and 
obtained a correspondence to pseudovarieties of algebras over 
the binary field h 2 . (In fact Reutenauer considered algebras 
over arbitrary fields K and varieties of formal power series 
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in lieu of languages). Finally, a new Eilenberg-type theorem 
we derive below deals with varieties of languages defined by 
closure under intersection and symmetric difference in lieu of 
(a), and relates them to pseudovarieties of monoids with 0. 

In this paper a categorical result is presented that covers 
Eilenberg’s theorem and all its variants uniformly, and exhibits 
new applications. Our overall approach to algebraic automata 
theory may be subsumed by the “equation” 

automata theory = duality + monoidal structure. 

The idea is to take a category If (where automata and 
languages live) and a closed monoidal category S) (where 
monoids live) with the property that ^ and S are predual. 
Specifically, in our setting ‘tf and S will be locally finite 
varieties of algebras or ordered algebras (i.e., all finitely 
generated algebras are finite), and preduality means that the 
full subcategories of finite algebras are dually equivalent. 
Moreover, the monoidal structure of S is given by the usual 
tensor product of algebras. 

All the Eilenberg-type correspondences mentioned above fit 
into this categorical framework. For example, the categories ‘if 
of boolean algebras and S of sets are predual via Stone duality, 
and ^-monoids are ordinary monoids: this is the setting of 
Eilenberg’s original result. The category of distributive 
lattices with 0 and 1 is predual to the category of posets 
via Birkhoff duality Q, and ^-monoids are ordered monoids, 
which leads to Pin’s result for pseudovarieties of ordered 
monoids m. The category A of join-semilattices with 0 
is self-predual (i.e., one takes £> = If), and ^-monoids 
are precisely idempotent semirings. This is the framework 
for Polak [201. For Reutenauer’s result 1 221 one takes the 
category A of vector spaces over a finite field K which is 
also self-predual (i.e., £> = If), and observes that ^-monoids 
are precisely K-algebras. Lastly, our new example concerning 
pseudovarieties of monoids with 0 takes as c tf non-unital 
boolean rings and as S> pointed sets. 

Apart from preduality, the heart of the matter is a coal- 
gebraic characterization of the closure properties defining 
varieties of languages. We model deterministic E-automata in 
a locally finite variety as coalgebras Q -A IfQ for the 
endofunctor 

T s : if -A If, T e Q = O v x Q s , 
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where O-g is a fixed two-element algebra in representing 
final and non-final states. In particular, the set of all regular 
languages over E carries the structure of a Ts-coalgebra whose 
transitions are given by left derivatives L —> a~ 1 L for a £ E, 
and whose final states are the languages containing the empty 
word. This coalgebra admits an abstract characterization as 
the rational fixpoint qT-£ of Ts, i.e., the terminal locally finite 
coalgebra. To get a grasp on all regular languages, independent 
of a particular alphabet, we introduce the functor 

gT : Set° f p -> ^ 

that maps each finite alphabet E to qTy,, and each letter 
substitution h : A —>• E to the morphism qTy, —> qI'a taking 
preimages under the free monoid morphism h* : A* —> E*. 

Consider now a variety V of languages in Eilenberg’s sense 
(this is the case ^ = boolean algebras), and denote by V 7 E 
the languages over the alphabet E contained in V. Then 
the closure condition (a) and the restriction of (c) to length¬ 
preserving monoid morphisms (those of the form h*) state 
precisely that the map E V''E defines a subfunctor 

V >-► qT. 

Closure under left derivatives means that VE is a subcoalgebra 
of plf- Finally, as we will demonstrate below, closure under 
right derivatives and preimages of arbitrary monoid morphisms 
amounts categorically to the existence of certain coalgebra 
homomorphisms. This expresses the closure properties of a 
variety of languages fully coalgebraically. 

In our general setting of two predual categories & and 
a variety of languages in is thus a subfunctor V >—> pT, 
subject to additional closure properties which are characterized 
by means of coalgebraic concepts. Dualizing these properties 
leads to the notion of a pseudovariety of ^-monoids: a class 
of finite ^-monoids closed under finite products, submonoids 
and homomorphic images. Our main result is the 

Generalized Eilenberg Theorem. Varieties of languages in 
& correspond bijectively to pseudovarieties of ^-monoids. 

All Eilenberg-type theorems mentioned above emerge as 
special cases by the corresponding choices of e >f and S>. 

On our way to proving the Generalized Eilenberg Theorem 
we will also establish a bijective correspondence between 
object-finite varieties of languages in 'if (those varieties with 
VE finite for all E) and locally finite varieties (rather than 
pseudovarieties!) of ^-monoids. In the case of (ordered) 
monoids this has been shown by Klima and Polak m. and to 
the best of our knowledge it is a new result in all other cases. 

Although our emphasis lies on varieties of languages , all 
our results hold more generally for Moore automata in lieu of 
acceptors, and hence for varieties of regular behaviors in lieu 
of regular languages - one simply replaces the two-element 
algebra O-g in the above definition of 'If by an arbitrary finite 
algebra in If. We briefly explain this at the end of the paper. 

Related Work. Our paper lays a common ground for Eilen¬ 
berg’s original variety theorem G2 and its variants due to 


Pin fUn . Polak ll20l and Reutenauer Ii22l . In our previous 
paper [jT] we proved a local Eilenberg theorem where one 
considers classes of regular languages over a fixed alphabet E 
versus classes of finite E-generated ^-monoids in our general 
setting of predual categories 'tf and 3>. The main technical 
achievement of |lj was the insight that finite subcoalgebras 
of qT-£ closed under right derivatives dualize to finite E- 
generated ^-monoids. Our work was inspired by Gehrke, 
Grigorieff and Pin fl3l who proved a bijective correspondence 
between local varieties of languages and classes of finite (or¬ 
dered) E-generated monoids presented by profinite identities. 
This result provides a local view of Reiterman’s theorem G2 
characterizing pseudovarieties of monoids in terms of profinite 
identities. 

Somewhat surprisingly, it has only been in recent years 
that the fundamental role of duality in algebraic automata 
theory was fully recognized. Most of the work along these 
lines concerns the connection between regular languages and 
profinite algebras. Rhodes and Steinberg j23l view the regular 
languages over E as a comonoid (rather than just a coalgebra) 
in the category of boolean algebras, and this comonoid is 
shown to dualize to the free profinite semigroup on E. Similar 
results for free profinite monoids can be found in the afore¬ 
mentioned work of Gehrke et al. which built on previous work 
of Almeida (3j and Pippenger |[l 9|. 

Acknowledgements. The authors are grateful to Mai Gehrke, 
Paul-Andre Mellies and Libor Polak for useful discussions on 
the topic of our paper. 

II. Preduality, Monoids and Languages 

In this section we set the scene of predual categories 
^ and S>, and introduce varieties of languages in 'to and 
pseudovarieties of ^-monoids. The reader is assumed to be 
familiar with basic category theory and universal algebra. 

A. Predual categories 

Our categories of interest are varieties of algebras and 
varieties of ordered algebras. Given a finitary signature T, 
a variety of T -algebras is a full subcategory stf of AlgT, 
the category of T-algebras and homomorphisms, closed under 
quotients (= homomorphic images), subalgebras and products. 
Equivalently, by Birkhoff’s HSP theorem [|6] a variety of 
algebras is a class of T-algebras specified by equations t\ = O 
between T-terms. The forgetful functor v/ -A Set of a variety 
has a left adjoint assigning to every set X the free algebra 
over X. 

Analogously, let Alg<T be the category of all ordered T- 
algebras. These are T-algebras with a partial order on the 
underlying set such that all T-operations are order-preserving. 
Morphisms of Alg <T are order-preserving homomorphisms. 
This category has a factorization system of surjective homo¬ 
morphisms and injective order-embeddings. Thus the concept 
of a subalgebra of an algebra A in /// means that the order is 
inherited from A, whereas a quotient of A is represented by 
any surjective order-preserving homomorphism with domain 
A. A variety of ordered T -algebras is a full subcategory sf 
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of Alg<r closed under quotients, subalgebras and products. 
Equivalently, by the ordered version of Birkhoff’s theorem 
due to Bloom f 8 |, sA is specified by inequalities t\ < 
between F-terms. (Recall that if t\ and t- 2 lie in TpX, the 
discretely ordered algebra of F-terms over variables X, then 
an ordered F-algebra A satisfies t-\ < t -2 provided that every 
homomorphism h : T^X —> A fulfils h{t\) < hfa)-) Again, 
the forgetful functor .<// —> Set has a left adjoint constructing 
free algebras. 

Definition II.l. Given a variety /// of (ordered) algebras we 
denote by sAf the full subcategory of all finite algebras. . 5 / 
is called locally finite if all free algebras on finitely many 
generators are finite. 

In our applications we will encounter the locally finite 
varieties listed below. We view Pos as a variety of ordered 
algebras (over the empty signature) and all other categories as 
varieties of non-ordered algebras. 


Set sets and functions 

Set* pointed sets and point-preserving functions 
Pos partially ordered sets and order-preserving maps 
BA boolean algebras and boolean homomorphisms 
BR non-unital boolean rings (i.e., non-unital rings 

(f?, +, •, 0 ) satisfying the equation x ■ x = x) and 
ring homomorphisms 

DL 01 distributive lattices with 0 and 1 and lattice 
homomorphisms preserving 0 and 1 
JSLo join-semilattices with 0 and semilattice homo¬ 
morphisms preserving 0 

K-Vec vector spaces over a finite field K and linear 
maps 


Remark II.3. The last item is understood as a fixed choice of 
an algebra O-g in Af along with an isomorphism i : O-g ^A 
1®. It follows that \0<g\ and |0®| are isomorphic: 

\Ov\ = Set(l, \0<g\) (canonically) 

= A(1v,O v ) (def. l v ) 

= O®) (by duality) 

= 3>{1 ®,0®) (composition with i _1 ) 

= Set(l, |0®|) (def. 1®) 

= | O® | (canonically) 

To simplify the notation we identify the underlying sets of O-g 
and O® via this isomorphism and thus assume \0<g\ = |0®|. 

Assumptions II.4. For the rest of this paper we fix two predual 
locally finite varieties A and At with the following properties: 

(i) ^ is a locally finite variety of algebras. 

(ii) ® is a locally finite variety of algebras or ordered 
algebras. 

(iii) Epimorphisms in X are surjective. 

(iv) fit! is entropic : for any two algebras A and B in A, the set 
[A, B] of homomorphisms from A to /J is an algebra in At 
with the pointwise algebraic structure, i.e., a subalgebra 
of the power B^ = EU|, 4 | B - 

(v) \0<g\ = |0®| = {0,1}. 

Condition (iv) means precisely that all operations of the 
variety 3> commute, see e.g. fTOl Theorem 3.10.3]: given an 
m-ary operation a and an n-ary operation r in the signature of 
£) and variables Xij (i = 1 ,..., m, j = 1,..., n), the equation 

ct(t(xii , ... , X ln)j ... ) t(l m i , . . . , X mn )) 
r ( ( j( a; ll j • ■ • > ^ml), ... , rr(xi n , ... , X mn )) 


Here is the central concept for our categorical approach to 
algebraic automata theory: 

Definition II.2. Two locally finite varieties of (ordered) alge¬ 
bras 'A and are called predual if their full subcategories l Af 
and $>f of finite algebras are dually equivalent. 

In what follows “A will be a locally finite variety of 
algebras (where varieties of languages are formed), and X 
will be a locally finite variety of algebras or ordered algebras 
(where varieties of monoids are formed). Let us establish 
some notation for this setting. The preduality of A and 'X 
is witnessed by an equivalence functor AJ P Xf whose 
action on objects and morphisms we denote by 

Q 1 —> Q and h 1 —> h. 

The varieties A and S> come equipped with forgetful functors 

| — | : A —> Set and | — | : —> Set. 

Finally, we write \-g and 1® for the free algebras on one 
generator in A and respectively, and O® and O-g for their 
dual algebras: 

O® = and Oeg = 1®. 


holds in St. Condition (v) can be lifted to get a theory of 
regular behaviors in lieu of regular languages, cf. Section El 

Example II.5. The following pairs of categories A and S> 
satisfy our assumptions: 

A BA DLqi JSL 0 Z 2 -Vec BR 

Set Pos JSLo ^2-Vec Set* 

(a) A = BA is predual to At = Set via Stone duality l24l : 
given a finite boolean algebra Q , the set Q consists of all 
atoms of Q , and given a homomorphism h. : Q H in BAj, 
the dual function h : R —>• Q in Set f is defined by 

h{r) =/\{q <E Q : h(q) >r}. (1) 

We choose 

A ] 

1^=1 0 1 ® = { 1 } Oeg = 0 ®={ 0 , 1 } 

\ / ' 
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Here 1 is the generator of the one-generated free algebra 1-g 
and O-g = {1} = 1 ag. Hence the isomorphisms O-g — 1® 
and \0<g\ = |0®| of Remark Til. 31 are identity maps. 

(b) ‘if = DLoi is predual to S = Pos via Birkhoff 
duality 0 : Q is the poset of all join-irreducible elements 
of a finite distributive lattice Q (ordered as in Q), and every 
homomorphism h : Q —>• R in (DLoi)/ yields a monotone 
function h : R -A Q by the formula (1) above. We choose 

? ! 

Tg = 1 1® = {1} O-g = 0® = 

i ' 


Note that 0 is the top element of 1-g and O-g. Again the 
isomorphisms Og = 1® and \Og\ = |0®| are identity maps. 

(c) The category "if = JSLo is self-predual, see lfl~5l . so 
we can take S = JSLo- The dual equivalence associates to 
each finite semilattice Q = (X, V, 0) its opposite semilattice 
Q = (X, A, 1), and to each homomorphism h : Q -A R in 
(JSLo)/ the homomorphism h : Q -A R with 

Hr) = \J{q G Q : h{q) < r} 
where the join is formed in Q. We choose 

0 011 

l<<r = | 1® = | Og = | 0® = | 

1 10 0 

The isomorphisms O-g = 1® and O-g j = \0®\ are identity 
maps. Epimorphisms in JSLo are surjective, as proved in lfl4l . 

(d) The category T' = Z 2 -Vec of vector spaces over 
the binary field Z 2 = { 0 , 1 } is also self-predual, so S = 
Z 2 -Vec. The dual equivalence assigns to each finite (i.e. finite¬ 
dimensional) Z 2 -vector space Q its dual space Q = [Q. Z 2 ], 
For every linear map h : Q —> R in (Z 2 -Vec) / the dual map 
h : R -A Q takes u : R —> Z 2 to u ■ h. We choose 

lg = Og = Z 2 and 1 ® = 0@ = [Z 2 , Z 2 ], 

The isomorphism 0<^ = 1® is identity, and the isomorphism 
|0<^| = |0^| identifies the element 1 G |0^| = |Z 2 | with 
id € |O®| = [Z 2 ,Z 2 ], Epimorphisms in Z 2 -Vec split and 
hence are surjective. 

(e) An interesting variation on (a) is the preduality of 
‘if = BR and S = Set*. Recall that we consider non- 
unital boolean rings (this is Birkhoff’s original definition of 
a boolean ring, see |[5l ) and homomorphisms preserving +, • 
and 0. Every finite non-unital boolean ring (Q, +,-,0) can 
be viewed as a boolean algebra with x A y = x ■ y and 
xVy = x + y + x- y. The preduality of BR and Set* takes 
Q to the pointed set Q = {*, qi,... q n } where qi,..., q n are 
the atoms of Q. A homomorphism h : Q —> R in BR/ is 
mapped to the function h : R -A Q with h(r) defined by (1) 


0 

1 


if ?’ 7 ^ * and some q G Q with h(q) > r exists, and otherwise 
h[r) = *. We choose 

!<«? = Og = {0,1} and 1® = 0® = {*, 1}. 

The isomorphism O-g = 1® is identity, and the isomorphism 
\Og\ = |0®| identifies 0 G \Og\ with * G |0®|. 

The preduality of ‘if and 6 /j allows us to model deterministic 
automata both as coalgebras and as algebras for suitable 
endofunctors on X and Si. Fix a finite input alphabet E and 
consider first the endofunctor on “if 

Ty.Q = Og x = Og x[]Q. 

E 

A Ts-coalgebra (Q, 7 ) consists of an object Q in ^ together 
with a morphism 7 : Q — >■ T-^Q. By the universal property of 
the product, to give a Tg-coalgebra means to give morphisms 
7 a ■ Q Q f°r each a G E, respresenting transitions, and 
a morphism 7 0ut : 0 —> O-g representing final states. Hence 
Ts-coalgebras are deterministic E-automata in X without an 
initial state, often denoted as triples 

Q = (Qi 7ai7out)- 

A homomorphism h : (Q, 7 ') (Q 1 , 7 ') of Ts-coalgebras is 

a morphism h : Q —> Q' in ^ with 7 ' • h = T^h ■ 7 , which 
means that the following diagram commutes for all a G E: 

Q ~' a > Q 

h 


7 a 7 out 



-> Q' ■ 


We write 

Coalg 7>j and Coalg j 7V 

for the categories of (finite) Xs-coalgebras and homomor¬ 
phisms. The functor Ty, has an associated endofunctor on S 

LyA = 1® + J J A 

E 

which is predual to Ty in the sense that the restrictions 

T s :-*?/->‘if/ and L s : % -> %, 

to finite algebras are dual. That is, the diagram below com¬ 
mutes up to natural isomorphism: 

rp°p 

d?°P S v OP°P 

n 


Dually to the concept of a 7v-coalgebra, an LY-algebra (A, a) 
is an object A in S together with a morphism a : LyA -a A. 
Equivalently, an L^-algebra is given by morphisms a a : A —> 
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A for a £ E, representing transitions, and a morphism a m : 
1® —>• A selecting an initial state. L^-algebras are denoted as 

A = (A,a a ,a- m ) 

and can be viewed as deterministic E-automata in fid without 
final states. A homomorphism h : (A, a) —> (A', a') of Ly- 
algebras is a ^-morphism h : A —>• A' with h ■ a = a' ■ L^h. 
We write 

Alg Ly and Alg^-Ls 

for the categories of (finite) A^-algebras and homomorphisms. 
From the preduality of Ty and Ly we immediately conclude: 

Lemma II.6. Coalg f Ty and Algy Ly are dually equivalent 
categories. The dual equivalence is given on objects and 
morphisms by 

(Q, 7) l “ (Q> 7 ) an d hv-yh. 

In triple notation this dual equivalence maps a finite Ty- 
coalgebra (Q, 7a, 7out) to its dual LY-algebra (Q, 77 , tw)- 
Hence finite Ts-coalgebras and finite Ly -algebras are essen¬ 
tially the same structures, and both can be understood as finite 
automata with additional (ordered) algebraic structure. 

Example II.7. (a) Let A’ = BA and fid = Set. Then Ly- 
algebras are the usual concept of a deterministic automaton 
without final states. A 7>j -coalgebra is a deterministic E- 
automaton with a boolean algebra structure on the state set 
Q such that (i) all transitions y a : Q —>• Q are boolean 
homomorphisms and (ii) the final states form an ultrafilter, de¬ 
termined by the preimage of 1 under the morphism 7 out : Q —> 
()%■ = {0,1}. Tor finite automata (ii) means that precisely one 
atom i £ Q is final and all final states form the upper set 
ti = {q £ Q ■ q > i}. The dual equivalence of the previous 
lemma takes a finite boolean automaton Q = (Q,7 a ,7out) to 
the automaton Q = (Q, 7 ^, TWt) in Set whose states are the 
atoms of Q. The unique atomic final state i £ Q is the initial 
state of Q, and there is a transition x A x' in Q iff 

x' = A {y-y^ y' in Q for some y' > a?}. 

(b) The case e £ = DL 01 and fid = Pos is analogous. Here 
/^-algebras are ordered deterministic automata without final 
states. 7 x-coalgebras carry a distributive lattice structure on 
Q, and again for finite Q the final states form an upper set j' 1 . 

Remark II.8. We frequently need to factorize (co-)algebra 
homomorphisms into a surjective and an injective part. For 
the variety ^ we choose the factorization system 

(strong epi,mono) = (surjective, injective). 

Recall that an epimorphism e is called strong if it has the 
diagonal fill-in property w. r. t. all monomorphisms m: given 
morphisms u, r with r ■ e = m ■ u there exists d with u = d-e. 
Since the functor TyQ = 0<g x Q y: preserves monomorphisms, 
this factorization system of ^ lifts to Coalg 7>j: every coal¬ 
gebra homomorphism h : —> factorizes as a 

quotient coalgebra of (Q, 7 ) followed by a subcoalgebra of 


(Q', 7'), by which we mean that the underlying morphism in A’ 
is a strong epimorphism (or a monomorphism, respectively). 

Dually, in fid we consider the factorization system 

(epi, strong mono). 

If fid is a variety of algebras, this is just the (surjective, 
injectivej-factorization system as epimorphisms in fid are 
surjective by Assumption IIIAl ijiL In case fid is a variety 
of ordered algebras, we get the (surjective, injective order- 
embeddingj-factorization system, which is clearly the “right” 
one for ordered algebras. Since Ly = 1® + } ]\- A preserves 
epimorphisms, the factorization system of fid lifts to Alg Ly'. 
every L^-algebra homomorphism h : (A, a) —>• (A', a') 
factorizes as a quotient algebra of (A, a) followed by a 
subalgebra of (A', a'), i.e., the underlying morphism in fid 
is an epimorphism (or a strong monomorphism, respectively). 

B. fid-Monoids 

Our Assumption IIIAf iv) that fid be entropic admits a more 
categorical interpretation. Given objects A, B and C in fid, 
a bimorphism is a function / : |A| x |i?| —> |Cj such that 
f(a , —) : B —>• C and /(—, h) : A —> C are morphisms of fid 
for all a € A and b £ B. A tensor product of A and B is a 
universal bimorphism t : |A| x |i?| —»■ \A ® B |, i.e., for every 
bimorphism / : |A| x |i?| —» |Cj there is a unique morphism 
f in fid making the diagram below commute. 

|A| x \B\ \A <g> B\ 

l 

l l/'l 
4- 

\C\ 

As shown in a, tensor products exist in any variety of 
(ordered) algebras, and “entropic” means precisely that fid = 
(fid, < 8 >, 1®) is a symmetric monoidal closed category. In partic¬ 
ular, as in any monoidal category, we have a notion of monoid 
in fid. In our setting this means the following: 

Definition II.9. A fid-monoid (D,o,i) consists of an object 
D of fid and a monoid structure (\D\,o,i) on its underlying 
set | D | whose multiplication is a bimorphism, i.e., for every 
x £ \D\ both x o and - o x are endomorphisms of D in 
fid. A morphism h : (D, o, i) —>• (D', o', i') of ^-monoids is a 
morphism h : D —> D' in ^ preserving the monoid structure. 
The ^-monoids and their morphisms form a category 

®-Mon. 

Observe that ®-Mon is a variety of (ordered) algebras: 
add o and i to the signature of fid, and add the monoid 
axioms and equations expressing that o is a bimorphism to 
the (in)equalities presenting fid. The factorization system of 
fid , see Remark HL 81 lifts to ®-Mon. Hence a submonoid 
of a ^-monoid D is a ^-monoid morphism into D carried 
by a strong monomorphism in fid , and a quotient monoid of 
D is a ^-monoid morphism with domain D carried by an 
epimorphism in fid. 
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Examples 11.10. For our categories X of Example III. 51 the 
^-monoids are characterized as follows: 

(a) X = Set: (ordinary) monoids. 

(b) X = Pos: ordered monoids. 

(c) X = JSL 0 : idempotent semirings, i.e., semirings 
(S, +,-,0) satisfying the equation x + x = x. Indeed, this 
means precisely that ( S , +, 0) is a semilattice, and the dis¬ 
tributive laws of a semiring express that the multiplication 
preserves + and 0 in each variable, so that it is a bimorphism. 

(d) X = Z 2 -Vec: Z 2 -algebras in the classical sense of 
algebras over a field, i.e., a Z 2 -algebra is a vector space over 
Z 2 together with a monoid structure whose multiplication is 
distributive (= linear in each variable). 

(e) X = Set*: monoids with 0, i.e., monoids containing an 
element 0 such that io0 = 0oi = 0 for all x. Morphisms 
of ®-Mon are monoid morphisms preserving 0. 

Definition 11.11. A pseudovariety of X-monoids is a class 
of finite ^-monoids closed under submonoids, quotients and 
finite products. 

On our way to proving the generalized Eilenberg theorem 
we will encounter monoids with a specified set of generators. 
To this end we need to describe the free ^-monoids. We write 

<P : Set -4- X 

for the free algebra functor, that is, the left adjoint of the 
forgetful functor | —| : X —y Set. For notational simplicity we 
assume that X is a subset of |\PX|, and the universal map 
is the inclusion A' >—> \P X \. (For nontrivial varieties X of 
(ordered) algebras such a choice of *PA' is always possible.) 

Proposition 11.12 (see Q], Prop. 4.22). The free X-monoid on 
a finite set E is the X-monoid (’PE*,*,er) with multiplication 
• extending the concatenation of words over E, and universal 
map E >—> E* >—> |\PE*|. That is, every map f : E \D\ into 
a X-monoid D extends uniquely to a X-monoid morphism f: 


E>-» |\PE*| 



Examples 11.13. In our categories X of Example lII.5l the free 
^-monoids (PE* on E are characterized as follows: 

(a) X = Set: the usual free monoid E*. 

(b) X = Pos: the free ordered monoid E* (discretely 
ordered). 

(c) X = JSLo: the free idempotent semiring P/E*, carried 
by the set of finite languages over E. The semilattice structure 
is union and 0, the monoid multiplication is the concatenation 
L\ • L 2 = L 1 L 2 of languages, and the monoid unit is {e}. 

(d) X = Z 2 -Vec: the free Z 2 -algebra P/E*. Its vector 
addition is the symmetric difference Li©L 2 = (Li\L 2 )U(L 2 \ 
L [), and the zero vector is 0. The monoid unit is again { :; }, 
and the monoid multiplication is Z 2 -weighted concatenation 
of languages: L\ • i 2 consists of all words w having an odd 
number of decompositions w = W 1 W 2 with wt £ Li. 


(e) X = Set*: the free monoid with 0. This is the monoid 
E* + {0} arising from E* by adding a zero element. 

Definition 11.14. (a) A ^-monoid is called E -generated if a 
set of generators indexed by E is given in it. Equivalently: if it 
is a quotient monoid of the free ^-monoid 'PE*. Morphisms 
of E-generated ^-monoids are required to preserve the given 
generators. That is, given two E-generated ^-monoids e k : 
*PE* -» (D k ,o k ,i k ), k = 1, 2, a morphism of E-generated 
^-monoids is a ^-monoid morphism / : (.Di,oi,*i) —/ 
(D 2 ,° 2 ,i 2 ) with e 2 = / • e\. 

(b) The subdirect product of two E-generated ^-monoids 
e k : 'PE* -» (D kl o k , i k ) is the ^-submonoid of their product 
which is the image of (ei, e 2 ) : 'PE* —> Di x P 2 . 

Definition 11.15. By a pseudovariety of Ti-generated X- 
monoids is meant a collection of finite E-generated X- 
monoids closed under subdirect products and quotients. 

In other words, if C denotes the poset of all finite quotients 
of 'PE* in ®-Mon, then a pseudovariety is a subposet 
closed under finite joins (= subdirect products) and closed 
downwards (i.e., under quotients). Here we use the ordering 
of quotients e : 'PE* D where e± < e 2 iff e\ factorizes 
through e 2 . 

Remark 11.16. Every E-generated ^-monoid e : 'PE* -» 
( D , o, i) defines the associated L^-algebra a : L^D —>• D 
with the same object D of states, initial state e(e) and 
transitions given by right multiplication a a (d) = do e(a) for 
a £ E. In particular, the associated T>j-algebra of the free X- 
monoid 'PE* has the initial state e and the transitions — •a for 
a £ E. This means that the above /.^-algebra structure of D is 
the unique one that makes e a homomorphism of /.^-algebras. 

As shown in JT] Prop. 4.29], 'PE* is the initial /.^-algebra: 
for every L^-algebra ( A , a) there exists a unique L^-algebra 
homomorphism 

e A : 'PE* -> A. 

Its restriction to E* computes the action of A on words w £ 
E*: 

e A (w) = a w ■ a m : 1® -)• A. 

Here we use the notation 

a w = a an ■ ■ ■ a ai : A —> A for w = a\ ■ ■ • a n . 

Analogously, for coalgebras (Q, 7) we put = r y an ■ ■ ■ r y ai - 

Since E-generated monoids are Ls-algebras one may ask 
for the converse: given an /.^-algebra, is it associated to 
some E-generated monoid? In the next subsection we will 
see that this question is, by duality, directly related to closure 
properties of classes of regular languages. 

C. Languages 

Our categorical approach to varieties of languages starts 
with a characterization of the regular languages over a fixed 
alphabet E by a universal property. Let us call a Xs-coalgebra 
Q locally finite if it is a filtered colimit of finite coalgebras. Or 
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equivalently, if every state q £ Q lies in a finite subcoalgebra 
of Q. As shown in IT7l . the terminal locally finite coalgebra 
qTy, - characterized by the property that every locally finite 
coalgebra has a unique homomorphism into it - is the filtered 
colimit of the diagram 

Coalg^Ts >—> CoalgXs 

of all finite coalgebras. Its coalgebra structure is an isomor¬ 
phism 

qTy. = T E (pT s ), 

which is why /If is also called the rational fixpoint of If. 

Proposition 11.17 (see JT), Cor. 2.11). qTy is carried by the 
set of all regular languages over E. The transition morphisms 
are carried by left derivatives L H > a~ 1 L for all a £ E, 
and the final states are precisely the languages containing the 
empty set. For any locally finite coalgebra (Q 1 7 ) the unique 
homomorphism Lq : Q —»• qTy maps a state q £ Q to the 
language accepted by q: 

l q(o) = {w eT,* : 7 out • 7 w (q) = 1 }. 

Example 11.18. Continuing our Examples III. 51 (/If has the 
following algebraic structure as an object of the variety /: 

(a) For ft = BA the boolean algebra structure is U, Cl, (—), 
0 and E*. 

(b) For If? = DL 0 i the lattice structure is U, n, 0 and E*. 

(c) For = JSLo the semilattice structure is U and 0 . 

(d) For ^ = Z 2 -Vec the vector addition is symmetric 
difference L ® M = (L\ M ) U (M \ L) and the zero vector 
is 0 . 

(e) For = BR the multiplication is D, the addition is 
symmetric difference ®, and the zero element is 0 . 

Definition 11.19. By a local variety of languages over E in 
’if is meant a subcoalgebra Q r —t /If of the rational fixpoint 
closed under right derivatives, i.e., L £ \Q\ implies La -1 £ 
\Q\ for all a £ E. 

Note that a local variety is closed under left derivatives 
automatically, being a subcoalgebra of (/If. Closure under 
right derivatives also admits a fully coalgebraic description: 

Notation 11.20. Given a 7V-coalgebra (Q. 7 ) and an input 
a £ E, denote by (Q, 7 ) the Ts-coalgebra with the same 
states and transitions, but whose final-state morphism is 7 out • 

7a : Q —> 0<g. 

Proposition 11.21 (see Q], Prop. 4.3). A subcoalgebra (Q. 7 ) 
of qTy, is a local variety iff a T^-coalgebra homomorphism 
from (Q, j) a to (<5,7) exists for every a £ E. 

Proposition 11.22 (see (T), Prop. 3.24 and 4.32). A finite I f- 
coalgebra Q is a subcoalgebra of qTy iff its dual L^-algebra 
Q is a quotient algebra of 'PE*. In this case, Q is a local 
variety iff Q is the associated L^-algebra of some finite E- 
generated /ft-monoid. 

In other words, for any finite coalgebra Q the unique r If- 
coalgebra homomorphism Lq : Q —>• /If of Proposition 


III. 171 is injective iff the unique L^-algebra homomorphism 
eQ : ’PE* —> Q of Remark III. 161 is surjective. Moreover, 
if <3 >—> /If is a local variety of languages, there exists 
a (unique) monoid structure on Q making cq a ^-monoid 
morphism. In this case we call Q the dual Y,-generated ff- 
monoid of Q. 

Proposition III. 221 was the basis of the main result of fll . 
Observe that the set of all local varieties of languages over 
E in f forms a complete lattice whose meet is intersection. 
Analogously for the set of all pseudovarieties of E-generated 
^-monoids. 

Theorem 11.23 (Local Eilenberg Theorem J7], Thm. 4.36). 
The lattice of all local varieties of languages over E in f is 
isomorphic to the lattice of all pseudovarieties ofY-generated 
f/>-monoids. 

Local varieties of languages are local in the sense that a 
fixed alphabet E is considered. To get a global (alphabet- 
independent) view of all regular languages, we extend the map 
E qTy, to a functor qT : Set^ p —> f. Observe first that for 
every h : A —>■ E in Set f there is a morphism Q h : Q Vj —t Q A 
given by precomposition with h. Hence we can turn each Ty,- 
coalgebra (Q , 7) into the TA-coalgebra ( Q, j) h with the same 
states Q and coalgebra structure 

Ov X Q a . 

This is a familiar construction for deterministic automata: if 
some state q £ Q accepts the language L C E* in (Q, 7), 
then it accepts the language (/i*) -1 (L) C A* in ( Q , y) h . Here 
h* : A* —> E* denotes the free extension of h to a monoid 
morphism. 

The coalgebra ( Q,"f) h is locally finite if (< 3 , 7 ) is, as every 
subcoalgebra of (Q, 7) is also a subcoalgebra of (Q,'i) h . In 
particular, ( qTy,) h is locally finite, so there is a unique TA- 
coalgebra homomorphism pTh : (pTs) ft —>• qTa into the 
terminal locally finite TA-coalgebra. The morphism /I), forms 
preimages under the monoid morphism h*\ 

eT h {L) = ( h*)~\L) for all L £ |pT s |. 

Definition 11.24. The rational functor qT : Set^ p —>• f 
assigns to every finite alphabet E the rational fixpoint /If and 
to every map h : A —>• E the morphism gTh : qTy —> pT^. 

In the classical case f = BA, the rational functor maps 
each finite alphabet E to the boolean algebra of regular 
languages over E. A variety V of languages in Eilenberg’s 
sense (see Introduction) is thus a subfunctoiQ V >—> qT that 
assigns to every finite alphabet E a local variety HE >—> /If, 
and is closed under preimages of monoid morphisms / : 
A* —>• E*. To formulate the preimage condition categorically, 
we identify any language L C E* with its characteristic 

1 Recall that a subfunctor of a functor F : srf —> dS is a natural transforma¬ 
tion m : F' >—* F with monomorphic components m./\ : F'A >—> FA. To 
specify F' is suffices to give the object map A H> F'A and monomorphisms 
m,A such that, for each f : A —¥ A' in .(/. the morphism F f ■ rriA factorizes 
through m. 4 /. This uniquely determines the action of F' on morphisms. 
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function L : £* —y {0,1} in ff = Set. Then the preimage 
of L under / is precisely the language represented by the 
composite function L ■ f : A* —> {0,1}. Thus the missing 
condition on our subfunctor V is the following: for every 
language L £ VT we have L ■ f £ VA. Let us now extend 
these considerations to our general setting. 

Notation 11.25. Using the adjunction 'T H | — | : -A Set, 

we identify any language L : £* —> {0,1} = |0@| with the 
corresponding morphism L : —» Oy of 2>. The preimage 

of L under a ^-monoid morphism / : vkA* —y ckE* is the 
language L ■ f : 'TA* -A O® over the alphabet A. 

Definition 11.26. (a) A subfunctor V >—> qT of the rational 
functor is closed under preimages if, for every ^-monoid mor¬ 
phism / : \HA* —> 'LL* and every language L : 'LL* O® 
in VT, the language L ■ / lies in VA. 

(b) By a variety of languages in is meant a subfunctor 
V >—► qT closed under preimages such that VT is a local 
variety of languages for every alphabet E £ Set/. 

In Theorem 1111.161 below we give a fully coalgebraic char¬ 
acterization of preimage closure. 

Examples 11.27. (a) The case = BA and = Set 
captures the original concept of Eilenberg 02 : a variety of 
languages in BA forms boolean subalgebras VT of plf, 
closed under derivatives and preimages of monoid morphisms 

/ : A* —> E*. 

(b) In the case ^ = DLoi and S' = Pos we just drop 
closure under complement: a variety of languages in DLoi 
forms sublattices VT, of flf closed under derivatives and 
preimages of monoid morphisms / : A* —» E*. This is the 
concept of a positive variety of languages studied by Pin lfl 8 l . 

(c) Let = ft) = JSLo. Given a language L C E*. the 
corresponding semilattice morphism L : VfT* -A {0,1} takes 
a finite language {wi,..., Wk } to 1 iff Wi £ L for some i (this 
follows from {rui,..., Wk} = \/f=i{^t})- The preimage of L 
under a semiring morphism / : P/A* -A P/E* corresponds 
to the language M C A* of all words it £ A* for which /(it) 
contains some word of L. A variety of languages in JSLo 
forms subsemilattices VT of o7V closed under derivatives and 
preimages of semiring morphisms / : P/A* —>■ P/E* . This 
is the notion of variety introduced by Polak 1 1201 . 

(d) If *€ = @ = Z 2 -Vec, the linear map L : VfT* —> 
{0,1} corresponding to L C E* takes {ici,..., Wk} £ VfT* 
to 1 iff Wi £ L for an odd number of i = 1,..., k. Thus the 
preimage of L under a ^-algebra morphism / : P/A* —y 
VfT* corresponds to the language M C A* of all words 
it £ A* for which /(it) contains an odd number of words of 
L. A variety of languages in Z 2 -Vec forms linear subspaces 
VT of f/Jf closed under derivatives and preimages of 22- 
algebra morphisms / : P/A* —y VfT* . This notion of a 
variety was introduced by Reutenauer Il22l : see also Section 

El 

(e) Finally, let < tf = BR and C V = Set*. The preimage 
of L C E* under a zero-preserving monoid morphism / : 
A* + {0} —y E* + {0} consists of all words w £ A* for 


which f(w) lies in L. A variety of languages in BR forms 
subrings VT of olf closed under derivatives and preimages 
of zero-preserving monoid morphisms. 

See the table in Section [TV] for a summary of our examples. 
The set of all varieties of languages in is a complete lattice 
since any intersection of varieties (formed objectwise) is a 
variety. The same holds for the set of all pseudovarieties 
of ^-monoids. Our main result, the Generalized Eilenberg 
Theorem (see Theorem IIV.5I >. states that these two lattices are 
isomorphic. The rest of the paper is devoted to the proof. 

III. Coalgebraic and Algebraic Language 
Acceptance 

In this section we compare the languages accepted by a 
finite 7V-coalgebra in V with those accepted by its dual finite 
Ls-algebra in V). 

Notation III.l. (a) Recall ()%> = \Og>\ = {0,1} from 

Asssumption lll.4l v). and let 1%- °’ e > O r tg and 1 --°--y Og, 

denote the morphisms choosing the element 1. Note that 
lev = lo@ by Remark HOI 

(b) Recall from Proposition III. 171 that a state q : l<g> —/ Q 
of a finite 7/-coalgebra Iff 7) accepts the language 

Tq(?) = {w £ E* : 7out • lw ■ Q = lev} 

that we identify with the corresponding morphism of ff 

Tq(<?) : T'E* —y O®, 

see Notation |lI.25l Dually, for any Lv-algebra (A, a) equipped 
with a morphism a out : A —y Og> (representing a choice of 
final states), we define the language accepted by a out by 

La(,&ou\) — {tt: £ E . Clout * tX w • CtJn — 1 0 ®}- 

Using the unique L^-algebra homomorphism ca '■ 'IE* —> A 
of Remark III. 161 this language corresponds to the morphism 
of £> 

La(o: out) = ctout • £a '■ T'E* —y O®. 

Definition III.2. The map £* —y E* reversing words extends 
uniquely to a morphism of 

rev s : T'S* -> T'E*. 

The reversal of a language L : ckE* —y O® is the language 
L ■ revs- 

Observe that revs is a ^-monoid morphism 
revs : T'S* -> (^E*) op , 

where ( 'I/E*) 07 ' is the reversed monoid of TE* with multipli¬ 
cation x • op y = y • x. 

Lemma III.3. Let ((}. 7) be a finite If-coalgebra and (Q, 7) 
its dual L^-algebra. Then the language accepted by a state 
q : Vg -A Q is the reversal of the language accepted by 
q : Q -A Ocg): 

L q&) = L q(<i) ' rev s - 
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iff 


Proof: A state q : 1<^ —>• Q accepts a word w = a\ • ■ • a n 

Tout ■ Tan ■ ■ ■ ■ ' Tai ■ Q = lo># • 


(b) Every L-g-algebra homomorphism h : A —y A! is also 
an L/^-algebra homomorphism h : A? —> {A')f. 

(c) Given an L-^-algebra A we have, in Remark 1/7. 1 61 


This is dual to the equation 

Q ' Tai ■ ■ • • ■ T a n • Tout = 1 Ocg = lo^i) 

which states precisely that q accepts the word w rev = a n - ■ ■ a± 
in the Ls-algebra Q. It follows that the two morphisms L^{q) 
and LQ(q) ■ revs agree on E*, hence they are equal. □ 
One of the cornerstones of our Generalized Eilenberg The¬ 
orem in Section [TV] is a coalgebraic characterization of the 
closure under preimages, see Definition III. 261 To this end we 
introduce first the preimage A? of an /.^-algebra A, and then 
the preimage ()J of a locally finite 7V-coalgebra Q. 

Notation III.4. (a) Let A be an object of A. The object 
[A, A] of endomorphisms, see Assumption III.4I ivl. forms a 
^-monoid with multiplication 

[A, A] x [A, A] —y [A, A] , (/ , <?) g ■ f , 

given by functional composition and unit id 4 . 

(b) For an L^-algebra ( A, a) the notation a w : A -7 A for 
words w £ E* (see Remark fll. 161) is extended to a x : A —> A 
for all x £ |\LE*| as follows: since ’LE* is the free ^-monoid 
on E (see Proposition III. 1 2b . the function 

E —^ i^(A, A), cl 1 —^ cx a , 

extends to a unique ^-monoid morphism 'LE* -7 [A, A] that 
we denote by x i-» a x . 

Definition III.5. Let / : vLA* —> vLE* be a ^-monoid 
morphism. For every Ls-algebra (A, a) we define its preimage 
under f as the LA-algebra (A,a)^ = ( A, af) on the same 
states A, with the same initial state, a( n = a m , and with 
transitions al = ctf(b) for all b £ A. 

Example III. 6 . (a) If A — Set or Pos, we are given a monoid 
morphism / : A* —>• E*. Every L^-algebra A yields an LA- 
algebra with transitions = ctf^ = a Uri • ... • a ai for 
f(b) = ai ■■■a n . 

(b) If £> = JSLo, we are given a semiring morphism / : 
P/A* —P/E*. If the value f(b) is a single word, f(b) = 
{w}, then the corresponding transition is again a( = a w . In 
general f(b) = {wi,... ,Wk}, and since o/_) is a semilattice 
homomorphism, we conclude that al = a Wl V • • • V a Wk (the 
join in [A, A]). 

(c) Analogously for = Z 2 -Vec: if f(b) = {wi ,..., Wk}, 
then a[ = a Wl © • • • ® a Wk (vector addition in [A, A]). 

(d) If A) = Set* a zero-preserving monoid morphism / : 
A* + {0} —>• E* + {0} is given. The map a £ is defined as in 
(a) if f(b) 7 ^ 0, and otherwise a[(x) = * A for all x £ |A|, 
where *,4 is the point of A £ Set*. 

Lemma III.7. Let f : 'LA* —y (LE* be a At-monoid 
morphism. 

(a) f is also an L/\-aIgebra homomorphism f : ’LA* —7 
OLE*/. 


e A f = e A • / : >LA* -> A / . 

Proof: (a) Since /(e) = e the initial state of >LA* is 
mapped to the one of ((LE*/. For any a £ A, the a-transitions 
in 'LA* and ('LE*/ are — »a and —*/(a), respectively. Hence 
preservation of transitions amounts to the equation f(x»a) = 
f{x) • /(a) for all x £ ’LA*, which holds because / is a 
^-monoid morphism. 

(b) We clearly have h ■ a{ n = h ■ a in = a[ n = (a'){ n . From 
h ■ a w = a' w ■ h for all w £ E* we can conclude h ■ a x = a' x • h 
for all x £ |'LE*|. Indeed, both sides define ^-morphisms 
’LE* -7 [A, A'] in the variable x which agree on E*. Thus 
they are equal. In particular, we have the desired equation 
h ■ af( a ') = a /( a ) ■ h for all a £ A. 

(c) ’LA* is the initial LA-algebra, and by (a) and (b) both 

sides are LA-algebra homomorphisms. □ 

Corollary III.8. Let A be an L^-algebra and a ou t : A —7 O® 
an output morphism. Then a out accepts in Af the preimage 
of the language it accepts in A: 

L A f( a out) = L A (a out) • / : 'LA* — > Ocfi. 

Proof: Both sides are equal to a out ■ e A ■ f. □ 

Notation III.9. For any ^-monoid morphism / : ’LA* —> 
\LE* we denote by p the ^-monoid morphism 

(LA* ^4 ('LA*) op 4 (\LE*) op vLE*. 

Definition III.10. Let / : >LA* —> >LE* be a ^-monoid 
morphism. For every finite 7/-coalgebra (Q, 7 ) we define its 
preimage under f as the TA-coalgebra (Q,t)^ = (Q, p) 
whose dual is the preimage of the dual L^-algebra (Q, 7 ) 
under /'. Shortly: 

Qf = Q ft . 

If f = Ath* for a function h : A —> E, it is easy to see that 
the coalgebra Q - of the previous definition coincides with the 
coalgebra Q h introduced for the definition of qT (see III.241) . 

Example III.ll. The preimage of (Q,j) under f : Af A* —>• 
T’E* has the same states and final states, and the transitions 
are given as follows: 

(a) Let If = BA, DL 01 and / : A* —» E*. Letting a a = 
77 we get, by Example 1111.61 a). the formula a[ = a ai ■■ 
Oa n where f(b) = a\ ■ ■ ■ a n (i.e., P(b) = a n ---a\). Since 

7 [ = a b il follows that 7 / = 7a n • ■ • • • l ai = 7/(6)- 

(b) Let ^ = JSL 0 and / : P/A* -> P/E*. We claim that 

T l = 7wi v • • • V "f Wk where f(b) = {wi, ..., w n } and the 
join is taken in [Q. Q] (i.e., pointwise). Indeed, observe that the 
map h 1 —y h gives a semilattice isomorphism [Q, Q] = [Q, Q], 
Letting a a = this isomorphism maps y Wi to a^r 6 ”, and 
hence 'y Wl V • • • V 7 Wk to V • • • V a w rev. By Example 

IIII. 61 b) this morphism is af since p ( b) = {w { ev ,..., wlp v }. 
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(c) If = Z 2 -Vec and / : V f A* -» V f T>*, then 7/ = 
y Wl © • ■ '®lw k where f(b) = {wi, ..., Wk}- Indeed, the map 
h i->- h gives an isomorphism of vector spaces [Q, Q] = [Q , Q\. 
Letting a a = 77 this isomorphism maps y Wi to a w rev, and 
hence y wi © • • • © y Wk to a ro j«« © • • • © a w rev . By Example 

IIII. 6 I c) this morphism is a l . 

(d) If = BR and / : A* + {0} ->-£* + {0}, then 
7 1 = 7 /(b) if f(b) 0 , and otherwise y[ is the zero map. 
The argument is similar to (a). 

Proposition III.12. The language accepted by a state q of 
the coalgebra Q f is the preimage under f of the language q 
accepts in Q: 

Lqf(q) = L Q (q) ■ f. 

Proof: This follows from the computation 

L Qf {q) = L^- f (q) ■ rev A (Lemma UTO]) 

= Lqp (q) ■ rev A (def. Q f ) 

= Lq((]) • /t ■ rev a (Corollary IIII. 8 I 1 

= L§(q) • rev s • / • rev A • rev A (def. ff) 

= l q &) ■ rev s ' / _ 

= L Q (q) ■ f (Lemma [HO]). 

□ 

Example III.13. If Q is finite subcoalgebra of olf then Qf 
is the T a -coalgebra of all languages L : ^PE* —>• O® in Q 
with transitions given by left derivatives 7 a (L) = f{a)~ 1 L for 
a £ A. Here we extend the notation w~ x L for left derivatives 
from words w £ T,* to all elements x of 'LL!* as follows: let 
l x : >PE* —y \PE* be the left translation, l x (y) = x • y, then 
the left derivative x _1 L of a language L : \PE* —> O® is 
L ■ l x . 

We now extend the preimage concept from finite coalgebras 
to locally finite ones. A 7 s-coalgebra Q is locally finite iff it is 
the filtered colimit of the diagram of all its finite subcoalgebras 
Qi >—> Q (whose connecting Ts-coalgebra homomorphisms 
dij : Qi —> Qj are inclusion maps). Given any ^-monoid 
morphism / : rhA* —> rPE*, every dij is also a TA-coalgebra 
homomorphism dij : Qi —> Qj by the dual of Lemma 
IIII.7f b). Hence the coalgebras Q{ and homomorphisms di } j 
form a filtered diagram in CoalgXA- 

Definition III.14. For every ^-monoid morphism / : T A* —»• 
T'E* and every locally finite Ts-coalgebra Q we denote by Qf 
the filtered colimit of the diagram of all Q{, where Qi ranges 
over all finite subcoalgebras of Q. 

Example III.15. If Q is a finite subcoalgebra of t/If then the 
languages accepted by Qf are precisely the languages L ■ f 
with L £ \Q\. This follows from the Proposition IIII. 121 and the 
fact that every state L of Q accepts precisely the language L. 
Since o7V is the filtered colimit of its finite subcoalgebras Q, 
an analogous description holds for (gTs)f. Hence the unique 
TA-coalgebra homomorphism h : {gTs)f —>• qTa maps every 
language L in g'Jf to its preimage L ■ f. 


Recall from Definition III.261 the concept of closure under 
preimages. This can now be formulated coalgebraically, much 
in the spirit of Proposition 111.21 1 

Theorem III.16. A subfunctor V of the rational functor gT 
is closed under preimages iff for every Qt-monoid morphism 
f : T'A* —> 'PE* there exists a TA-coalgebra homomorphism 
from (VE)-^ to VA. 

Proof: Suppose that k : (HE )f HA is a TA-coalgebra 
homomorphism. Composed with the inclusion i : VA ^ gi f 
it yields the homomorphism h of Example IIII. 151 restricted 
to (HE )f - this follows from qI'a being the terminal locally 
finite TA-coalgebra. Thus i-k takes every language L of |HE| 
to L ■ /, proving that L ■ f lies in HA. 

For the converse, suppose that H is closed under preimages. 
Then the homomorphism h of Example IIII. 151 has a restriction 
h 0 : (HE )f HA. That h 0 is a coalgebra homomorphism is 
a consequence of the following homomorphism theorem for 
coalgebras: if g : Q -£ II and i : Rf >—> R are Tg-coalgebra 
homomorphisms such that i is injective and g = i ■ k for 
some morphism k in c €, then k is a coalgebra homomorphism. 
This follows easily from the observation that If preserves 
monomorphisms. □ 

IV. Generalized Eilenberg Theorem 

In this section we present our main result, the Generalized 
Eilenberg Theorem. First we consider two “finite” versions of 
this theorem, proved by Kllma and Polak ma for the cases 
^ = BA and If = DL 0 i- 

Definition IV. 1. A variety H of languages in T' is called 
object-finite if HE is finite for every alphabet E. 

In the next theorem we will consider locally finite varieties 
of ^-monoids, see Definition III. II Recall that, in comparison 
to the pseudovarieties of Definition III. 1II varieties of *2)- 
monoids may contain infinite monoids and are closed under 
finite and infinite products. All locally finite varieties of *3)- 
monoids form a lattice whose meet is intersection. The same 
holds for all object-finite varieties of languages where the 
intersection is taken objectwise. 

Theorem IV.2 (Generalized Eilenberg Theorem for Object- 
Finite Varieties). The lattice of all object-finite varieties of 
languages in c (f is isomorphic to the lattice of all locally finite 
varieties of monoids. 

Proof sketch: Given a variety H of languages in 
denote by es : ’PE* -» HE the dual finite E-generated 
monoid of the local variety HE >—> olf, see Theorem III.221 
Let H® be the class of all ^-monoids D such that every 
^-monoid morphism h : ’PE* —» D , where E is any finite 
alphabet, factorizes (necessarily uniquely) through e 

h = (\PE*—^Hg- -- -kD). 

A routine calculation shows that H® is a variety of ^-monoids 
whose free monoid on E is HE. Since HE is finite, H® is 
locally finite. 
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Conversely, for a locally finite variety W of ^-monoids 
(with free monoids es : iHE* -» Z) E ), we obtain an object- 
finite variety of languages W a >—► gT with W a E defined by 
W°E = for all E. 

The constructions V H > V'®' and W W D are mutually 
inverse and hence define the desired lattice isomorphism. □ 

Definition IY.3. An object-finite variety V of languages in 2? 
is called simple if it is generated by a single alphabet E. That 
is, given any variety V' such that VE is a local subvariety 
of V'E, then V is a subfunctor of V'. A pseudovariety of 
^-monoids is called simple if it is is generated by a single 
finite ^-monoid D, i.e., all members of the pseudovariety are 
submonoids of quotients of finite powers D n (n < w). 

Theorem IY.4 (Generalized Eilenberg Theorem for Simple 
Varieties). The poset of all simple varieties of languages in 
£ is isomorphic to the poset of all simple pseudovarieties of 
St- monoids. 

Proof sketch: For every locally finite variety W of St- 
monoids the class Wf of finite members of W forms a pseu¬ 
dovariety of ^-monoids. The isomorphism V i— >• V" in the 
proof of Theorem lIV.2l restricts to one between simple varieties 
of languages and simple pseudovarieties of ^-monoids, that 
is, V is simple iff (V@)f is simple. □ 

Our main result now follows from Theorem IIV.4I by a 
completion process. Recall that a cpo is a poset with directed 
joins. By a free cpo-completion of a poset P° is meant a cpo 
P containing P° as a subposet such that 

(Cl) every element x of P° is compact in P (that is, 
whenever x lies under a directed join \J p t of elements of 
P, then x < pi for some i), and 

(C2) the closure of P° under directed joins is all of P. 
These two properties determine P uniquely up to isomorphism. 
Concretely P can be constructed as the set of all ideals (= 
directed down-sets) of P°, ordered by inclusion. 

Theorem IV.5 (Generalized Eilenberg Theorem). The lattice 
of all varieties of languages in £ is isomorphic to the lattice 
of all pseudovarieties of S>-monoids. 

Proof sketch: One proves that 

( 1 ) the lattice 2 zf<*? of all varieties of languages in 'to is a 
free cpo-completion of the poset S£f ; of all simple varieties 
of languages, and 

( 2 ) the lattice 2 z?@ of all pseudovarieties of ^-monoids 
is a free cpo-completion of the poset .5?^ of all simple 
pseudovarieties. 

This requires a verification of the properties (Cl) and (C2) 
above. Since by Theorem IIV.4I and free cpo- 

completions are unique up to isomorphism, it follows that 

-2V = JSV □ 

For our five predualities of Example III. 51 we thus 
obtain the concrete correspondences in the table be¬ 
low as special cases of the Generalized Eilenberg The¬ 
orem. The second column describes the ^-algebraic op¬ 
erations under which varieties of languages are closed 


(in addition to closure under derivatives and preim¬ 
ages), and the fourth column characterizes the ^-monoids. 


CATEGORY 

£ 

var. of languages 
are closed under 

CATEGORY 
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^-monoids 

BA 

u, n, H, 0, e* 

Set 

monoids 

DLoi 

u, n, 0, E* 

Pos 

ordered 

monoids 

JSL 0 

U, 0 

JSL 0 

idempotent 

semirings 

Z2-Vec 

©, 0 

^2-Vec 

^ 2 -algebras 

BR 

©, n, 0 

Set* 

monoids 
with 0 


The cases £ = BA, DLoi and Z 2 -Vec are due to Eilen¬ 
berg lfl2l . Pin m and Reutenauer H22I . respectively. The case 
f> = JSLo is “almost” the result of Polak 1201 1: his disjunctive 
varieties of languages are required to contain E* for every 
E, and he considers semirings without 0. In our setting this 
would mean to take the predual categories £ = JSLoi (join- 
semilattices with 0 and 1) and S> = JSL (join-semilattices). 
We opted for the more symmetric preduality £ = St = J SLo 
as semirings are usually considered with a zero element. The 
last example, £ = BR, is a new variant of Eilenberg’s 
theorem. 

V. Varieties of Regular Behaviors 

Although all our results so far concerned acceptors and 
varieties of languages they accept, we can with little effort 
generalize the whole theory to Moore automata, where the 
output morphism 7 out has, in lieu of {0,1}, any finite set O 
(of outputs) as codomain. The role of languages over E is now 
taken over by functions /3 : E* —> O, and the role of regular 
languages by regular behaviors , i.e, those /3 realized by a state 
of some finite Moore automaton. 

Given a fixed finite set O of outputs, all we need to change 
in the previous text is Assumption III. 41 v) which is replaced 
by \0 V \ = O, where 0<g is the object dual to 1@. For the 
object O® dual to 1^ we can assume, as in Remark Hi. 31 that 
O’g = \Oag\. Moore automata are modeled as coalgebras for 
the endofunctor on £ 

Ty.Q = Ocg x Q s . 

Example V.l (Linear weighted automata). Let £ = S be the 
category K-Vec of vector spaces over a finite field K. Here 
()•/: = K, the one-dimensional space. Thus, a 7 E -coalgebra 
is a linear weighted automaton', it consists of a vector space 
Q of states, a linear output function 7 out : Q —> K and linear 
transitions 7 a ■ Q —> Q f° r a £ E. 

The rational fixpoint olf of the functor 7>j is carried by 
the set of all regular behaviors /3 : E* —>• O (that we identify 
with the corresponding morphisms /? : TE* —> O® in S>). Its 
output map assigns the value at the empty word, 7 0u t (0) = 
/3(e), and its transitions are given by left derivatives "i a (f3) = 
j3(a ■ -) for all a £ E. Symmetrically, the right derivatives of 
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/3 are the functions /3(— • a) for a £ E. We define the rational 
functor gT : SetT -A : € in complete analogy to Definition 

HL241 

Definition V.2. A subfunctor V ^ gT is closed under preim¬ 
ages if for every ^-monoid morphism / : T A* —> 'I'E* and 
every behavior /3 : 'TE* —> O® in FE the behavior /3 ■ / lies 
in FA. A variety of behaviors in 'rf is a subfunctor F qT 
closed under preimages and (left and right) derivatives. 

Example V.3 (Varieties of rational power series). If ^ = 0 = 
K-Vec, the coalgebra qTy, consists of all rational power series 
pS : E* —>• K, i.e., behaviors of linear weighted automata. 
Moreover, ^-monoids are precisely algebras over the field 
K, and the free K-algebra 'EE* is carried by the set of all 
functions E* —» K with finite support. Given a morphism 
/ : 'I'A* —» 'TE* of free K-algebras, the preimage of a power 
series /? : E* —>• K under / is 

P :A*^K, p(w)='£ f(w)(v)-p(v). 

(This sum is well-defined because f(w) : E* —» K has 
finite support.) A variety of behaviors in K-Vec forms linear 
subspaces FE of olf closed under derivatives and preimages 
of K-algebra morphisms. This coincides with the concept of 
a variety of rational power series introduced by Reutenauer 
[22). His Theorem III. 1.1 is therefore a special case of 

Theorem V.4 (Generalized Eilenberg Theorem for Regular 
Behaviors). The lattice of all varieties of behaviors in ^ is 
isomorphic to the lattice of all pseudovarieties of St-monoids. 

VI. Conclusions and Future Work 

In the present paper we demonstrated that Eilenberg’s 
variety theorem, a central result of algebraic automata theory, 
holds at the level of an abstract duality between (algebraic) 
categories. Our result covers uniformly several known exten¬ 
sions and refinements of Eilenberg’s theorem and also provides 
a new Eilenberg-type correspondence for pseudovarieties of 
monoids with 0. 

In the future we intend to classify all predual pairs (fie, 0) 
satisfying our Assumptions m above. Using the natural 
duality framework of Clark and Davey HD, we expect to show 
that only finitely many Eilenberg theorems exist for every fixed 
finite output set O. 

We also believe that more can be said about the relation¬ 
ship between local varieties of languages and varieties of 
languages. By studying languages and monoids in a setting 
of Grothendieck fibrations, it seems possible that the global 
Eilenberg theorem turns out to be an instance of the local one - 
or that both theorems are instances of one and the same result. 
This might lead to independent proofs of our results, and at 
the same time to a more abstract and hence illuminating view 
of the concepts involved. 

Another important direction is the connection of regular 
languages to profinite algebras. All results mentioned in the 
Related Work can be interpreted in the setting (f€, 0) = 
(BA, Set) or (DLqi,Pos), and we aim to extend them to 


general pairs of predual categories. This will require the gen¬ 
eralization of two core concepts of algebraic automata theory, 
the syntactic (ordered) monoid associated to a regular language 
and the free profinite (ordered) monoid on an alphabet E, to 
a notion of syntactic 0-monoid and free profinite 0-monoid, 
respectively. We conjecture that the free profinite fF-monoid 
on E arises as the limit of all quotient monoids of ’I'E*, 
and hope to derive a generalized Reiterman theorem. In the 
classical setting the theorems of Eilenberg and Reiterman are 
two key ingredients in a great success of algebraic automata 
theory: these results allow to specify classes of regular lan¬ 
guages (e.g. the star-free languages) by profinite identities, 
which leads to decidability results for such classes. Perhaps, 
new such results are enabled through subsequent work in our 
generalized setting. 

Finally, we are interested in extending our results from 
regular languages and Moore behaviors to other notions of 
rational behavior, such as w-regular languages or regular tree 
languages. Here the role of monoids is taken over by two- 
sorted algebras called Wilke algebras (or right binoids, see 
Wilke l25l ) and forest algebras (introduced by Bojanczyk and 
Walukiewicz (9)), respectively. The main challenge will be to 
identify the proper categorical model for the corresponding 
acceptors, Biichi automata and tree automata. 
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Appendix A 
Proofs 

This appendix provides all proofs we omitted due to space 
limitations, along with some technical lemmas required for 
these proofs. 


c.f the definition of the rational functor gT (Definition \II.24\ . 

(c) Every homomorphism h : Q -A Q' of locally finite Ty- 
coalgebras is also a homomorphism h : Qf —> (Q')f of Ta- 
coalgebras. 

(d) For any monoid morphism g : T'T* —> T'A*, 


Remark A.l. (a) Recall that an object A of a category 
is called finitely presentable if its hom-functor &/(A,-) : 
srf —> Set preserves filtered colimits. If ,&/ is a locally finite 
variety of (ordered) algebras, the finitely presentable objects 
are precisely the finite algebras. 

(b) Every finite Ty -coalgebra is a finitely presentable object 
of Coalg T s , see J2j. Hence, given a filtered colimit cocone 
c 'i '■ Q'i Q' (i € I) in Coalg Ts, every coalgebra 
homomorphism h : Q -A Q' with finite domain Q factorizes 
(in Coalg IV) through some c': 

Q^aQ' 

\ 



Remark A. 2. The forgetful functor Coalg Ty -a If preserves 
and creates colimits. The latter means that, given a diagram 
( Qiili ) (® G I) of Ty -coalgebras and a colimit cocone (a : 
Qi -A Q)i&i in *€, there is a unique Ty -coalgebra structure 7 
on Q for which the maps c, are Ts-coalgebra homomorphisms 
Ci : (Qit'yi) -A (Q, 7 )- Moreover, (ci) is a colimit cocone in 
Coalg Ty- 

The uniqueness of 7 gives rise to a useful proof principle: 
if two coalgebra structures 7 and 7' on Q are given such that 
each Ci is a coalgebra homomorphism Cj : (Qu'yi) —> (Q, 7 ) 
and a : ( Qi ,"/ i ) -> ( Q , 7 '), it follows that 7 = 7'. 

The preimage construction Qf, see Definition 1111.141 has 
the following equivalent formulation: 

Construction A.3. For every locally finite Ts-coalgebra 
(<5,7) and ^-monoid morphism / : ’I'A* A \kll* we 
construct a T /\-coalgebra (< 3 , 7 )^ as follows: 

(1) Express ( Q , 7 ) as a filtered colimit <7 : (Qi, 7,:) — »• 
(Q, 7 ) (i G I) of finite Ty -coalgebras. 

(2) Let 7 f be the unique TA-coalgebra structure on Q 
for which all c* : ( Qi , ii) f -»■ {Q,¥) are TA-coalgebra 
homomorphism, see Remark fA.21 Put 

(Q: 

The following lemma summarizes some important proper¬ 
ties of this construction. 

Lemma A.4. Let (Q,j) be a locally finite TY-coalgebra and 
f : T'A* —> 'PS* a monoid morphism. 

(a) The coalgebra structure of (Q, 7 y is independent of the 
choice of the colimit cocone (cf) in Construction EO 

(b) Iff = i 1 f ( * for some fo : A A £, then (Q,y)f has the 
coalgebra structure 

Q^O^xQ 11 Ov x Q a , (2) 


(e) The construction (-)f commutes with coproducts: given 
locally finite TY-coalgebras Qj (j G J), we have 

Ik IIV 

j j 

Proof: (a) Suppose 7 f has been defined by means of the 
cocone (<7), and another filtered colimit cocone 

c j : iQp'Ij) iQil) U G J) 

with QI finite is given. By Remark IA.2I it suffices to show 
that the maps c' are TA-coalgebra homomorphisms c' : 

^ (Q, 70- 

Given j G J, there exists by Remark IA.1I a Ts-coalgebra 
homomorphism g : (QI, 7') A (Qi, 7*) with c* • g = cl for 
some i. It follows that c' is a TA-coalgebra homomorphism, 
being the composite of the TA-coalgebra homomorphisms 

(Q'^.y °y(Q uli) f ^(Q n f). 

Indeed, g is a TA-coalgebra homomorphism using the defini¬ 
tion of Qf for finite Q (Definition llll. Kil l and Lemma UlI.71 b). 
and Ci is one by the definition of 7 f. 

(b) Given an Ly- algebra (A, a) the TA-algebra (A, a)f (see 
Definition 1111.5b has the transitions = Uf 0 ( a ) for a G A. 
Hence, for a finite 7 -coalgebra (Q, 7), the TA-algebra Qf = 
Qf = Qf has transitions 7 : Q —> Q for a G A. Dually 
Qf has the transitions 7/ 0 ( a ) : Q —> Q , which are precisely 
the transitions corresponding to the coalgebra structure ( 0 . 

In the case where (Q, 7) is just locally finite, express (Q, 7) 
as a filtered colimit Ci : (Qi,^i) A (Q, 7 ) (i G I) of finite 
Ts-coalgebras, and consider the diagram below: 


Q 


7 ^ £ idxQ^o 


Qi 


A 0<g x Q^ —-a 

Ty,Ci 

A 0<g x Qf 


id xQ 


fo 


X Q A 

T&Ci 

x Qf 


This diagram commutes because <7 is a Tg-coalgebra homo¬ 
morphism and by naturality. The lower row is the coalgebra 
structure of (Qi,yi)f by the first part of the proof. Hence 
Ci is a TA-coalgebra homomorphism from (Qi,ji)f to the 
coalgebra in the upper row, which implies that the upper row 
defines the coalgebra structure of (Q, 7 )^. 

(c) Express Q and Q' as filtered colimits c, : Q, -A Q 
(i G I) and c'- : Q' -A Q' ( j G J ) of finite Tg-coalgebras. By 
Remark [A. 1 1 there exists for every i G I some Ts-coalgebra 
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homomorphism g : Qi — >• Q' for which the diagram below 
commutes: 

Q —^ Q' 

a c' 

Qi Q'j 


It follows that h ■ Ci : Q{ —> is a Ta- coalgebra 

homomorphism, being the composite of the TA-coalgebra 

homomorphisms Q{ A (Q'jY —^ (Q')^ (one uses the 
same argument as in point (a)). Since the morphisms c* are 
jointly epimorphic in r £ , it follows that h is a TA-coalgebra 
homomorphism h : Q 9 —>• (Q 1 ) 9 . 

(d) (i) We first show that for all T^-algebras ( A , a) we have 

(A f ) 9 = A f9 . 


Indeed, both algebras have states A and initial states a m . To 
see that they have the same transitions, consider the diagram 
below, cf. Notation IIII.4I and Definition IIII.5I 


'T£* 

fa 

tt* 


[A, A] 




-> TA* 


(3) 


The upper triangle commutes by the definition of a 9 . Hence, 
for all a £ T, 

(a f ' 9 )a = a fg(a ) (def. a fg ) 

= ( u f ) ga (diagram ©) 

= {(a f ) 9 ) a def. ( a*) 9 


(ii) If Q is a finite 7^-coalgebra we conclude from (i): 

Qffg = Q(/-9)t = Q/V = = (Qfj~9, 

SO Qfs = ( Qf)9 . 

(iii) Now let Q be locally finite, and express Q as a filtered 
colimit Ci : Qi —»• Q (i £ I) of finite 7s-coalgebras. Hence 
by (c) we have Tr-coalgebra homomorphisms C; : Qi' 9 —> 
Q f ' 9 and a : ( Q{) 9 ->• ( Q f ) 9 , where Q{' 9 = (Q{) 9 by (ii) 
above. It follows that Q f' 9 and (Q f) 9 have the same coalgebra 
structure. 

(e) (i) We first prove that, for each family of /.^-algebras 

( Aj,a.j ) (j £ J), 

dl^b-dlTT 

j j 

Clearly the algebras on both sides of the equation have the 
same states . ,4, and the same initial state. Concerning the 
transitions, consider the commutative diagram below: 



The upper and lower path define the transitions of (JJ. Aj) 9 
and Aj, respectively. Hence they have the same transitions. 

(ii) Suppose now that J is finite and finite 7>j-coalgebras 
Qj are given. Then we conclude from (i) and duality: 

(i=(5 Qy '=(ii ^) /f =n q/' = m 

j 

The statement for arbitrary J and locally finite coalgebras Qj 
now follows from the fact that filtered colimits and coproducts 
commute in CoalgTs, and every infinite coproduct is a 
filtered colimit of finite ones. □ 

Remark A.5. Recall the homomorphism theorem for coalge¬ 
bras: if a Ts-coalgebra homomorphism g : Q Ii factorizes 
in ^ through a subcoalgebra i : R' >—> R, then the factorizing 
morphism g' is a coalgebra homomorphism. 


R 



Q - ->R' 

a 1 


This follows easily from the observation that 7V preserves 
monomorphisms. 

Remark A. 6 . Note that locally finite -coalgebras are closed 
under subcoalgebras. Indeed, suppose that i : Q' >—> Q is 
a 7>j-coalgebra homomorphism, where Q is locally finite. 
Now for every q £ \Q'\ we have a finite subcoalgebra Q o 
of Q containing q. Since 7V preserves intersections we can 
conclude that Qq n Q’ is a subcoalgebra of Q' containing q. 

Lemma A.7. A family of subcoalgebras ms ■ VT, ;—> t/I f 
(S £ Set f) forms a subfunctor of qT iff, for every function 
fo : A — > E in Set/, a Ts-coalgebra homomorphism from 
(VTi)f to HA exists, where f = T/ ( *. 

Proof: Suppose that the VT, form a subfunctor V >—► qT, 
and let /o : A —>• T. Then we have the commutative diagram 
below with g = Vfo: 


pTs -^4 qT a 


VT -»HA 

9 


By definition, gT/ 0 is a TA-coalgebra homomorphism oTf,, : 
( Q Ts) f — > qT a , and by Lemma lAAl b). ms is a TA-coalgebra 
homomorphism ms : {VT)f —> (qTsY ■ The homomorphism 
theorem then implies that g is a TA-coalgebra homomorphism 
from (VT)f to HA. 

Conversely, given a TA-coalgebra homomorphism g : 
{VT)f —>■ HA, the above square commutes because both 
gTf 0 ■ ms and m A ■ g are TA-coalgebra homomorphisms 
from (VT)f into the terminal locally finite TA-coalgebra qT a . 
Note that (VT) 9 is locally finite because VT is locally finite, 
being a subcoalgebra of the locally finite coalgebra gTs, see 
Remark IA.6I □ 
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Remark A. 8 . Dually to Remark [A. 51 we have the following 
homomorphism theorem for T^-algebras: if an T^-algebra 
homomorphism / : A —f C factorizes in 0 through an L>j- 
quotient algebra e : A -» B, then the factorizing morphism /' 
is an T^-algebra homomorphism. 

A 

B - -yC 

/' 

The analogous statement holds for ^-monoid morphisms. 
Since Alg L>j and ®-Mon are varieties of (ordered) algebras, 
this is a special case of the well-known homomorphism 
theorem of universal algebra. 

Lemma A.9. Let Q >—> qTy, and Q' >—> (jL/\ be finite local 
varieties of languages, and f : WA* —> WE* a St-monoid 
morphism. Then there exists a T/^-coalgebra homomorphism 
from h : Q* —y Q' iff there exists a 0-monoid morphism g 
making the following square commute: 

ft 

WA* ——> WE* 

(4) 


i : VA y —> qTa we have that i-Vfo = i-Vf : (V£)^ —> qTa 
agree by the finality of qTa\ now use that i is monomorphic 
to conclude Vfo = Vf. 

(c) We denote by V~ the class of all ^-monoids D such 
that every ^-monoid homomorphism ft : WE* —>■ T), where £ 
is any finite set, factorizes (necessarily uniquely) through e^. 


WE* 



VT - > D 


Proposition A.ll. V ® is a locally finite variety of 0-monoids 
whose free 0-monoid on E is VT for every finite set E. 

Proof: (1) We first verify that L® is a variety of 0- 
monoids. 

(a) Closure under products: let tti : Hie/ Di —f’Di be a 
product of monoids Di £ Given a monoid morphism 
ft : WE* —y ]”[ iei Di every morphism 7r,; ■ ft : WE* —y Di 
factorizes as tti ■ ft = ki ■ e-s for some ki : VT —f Di. Hence 
(hi) : VT —» ]”[ Di is the desired morphism with ft = (ki)-es- 

(b) Closure under submonoids: given m : D >—» D' 

with D' £ and a monoid morphism ft : WE* —> D, 

the homomorphism m ■ ft factorizes through es in ®-Mon. 
Consequently ft factorizes through ev due to diagonal fill-in: 





In this case, we have g = ft. 

Proof: Given a Ta- coalgebra homomorphism ft : Qf —> 
Q' we have, by Lemma IIII.71 the following square of L\- 
algebra homomorphisms 


WE* —VT . 
/ 




D 


-y D' 


WA* — f -U (WE*)/ f 

e Q> e Q (5) 

Q' -5—^ Q ff 

where g = ft. This diagram commutes because WA* is the 
initial /.^-algebra. Therefore the square (0J commutes. That 
g is a ^-monoid morphism follows from Remark fA.81 

Conversely, given a morphism g for which © commutes, 
then g : Q' —y = Qf is an LA-algebra homomorphism by 
(O and Remark lA. 8 l so dually a Ta- coalgebra homomorphism 
Qf —> Q' exists. □ 

Notation A.10. Let V be an object-finite variety of languages 
in V. _ 

(a) We denote by es : WE* -» VT the E-generated 0- 
monoid corresponding to the local variety VT. 

(b) Since V is closed under preimages, we have a (unique) 
XA-coalgebra homomorphism Vf : (VT)f —> VA for every 
^-monoid morphism / : WA* —f WE*, see Theorem IIII. 161 
This notation is in good harmony with the functor notation 
for V: for a function fo : A —> E and the corresponding 0- 
monoid morphism / = f/ 0 * : $A* ->-WE*we have V fo = 
Vf: indeed, both maps are Ta- coalgebra homomorphisms 
from (VE)-^ to LA and for the Ta- coalgebra homomorphism 


Thus D £V @ . 

(c) Closure under quotients: given e : D -» D' with D £ 
V""' and a homomorphism ft : WE* —»• I)', choose a splitting 
of e in Set, i.e., a function u : \D'\ —y \D\ with e • u = id. 
Let ?y : E >—> |WE* | denote the universal map of the free 
monoid WE*, and extend the map u ■ ft • t) : T —y \D\ to 
a homomorphism k : WE* —> D, which then factorizes as 
k = k 1 -es because D is in V®. Then the ^-monoid morphism 
e ■ k' : VT —> D' is the desired factorization of ft. 



Indeed, using freeness of the ^-monoid WE* and since u is 
injective it suffices to prove that u ■ ft • rj = u ■ e ■ k' ■ es ■ p in 
Set, which holds because 

u-h-r] = u- e- u- h- r) (e-M=id) 

= u ■ e ■ k ■ rj (def. k) 

= u • e • k! ■ es • p (def. k'). 

(2) The ^-monoid VA lies in C® for all finite A. Indeed, 
given a ^-monoid morphism ft : WE* —> VA where E is 
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finite, we can choose a splitting in Set (a function u : |UA| —»• 
|'PA*| with eA ■ u = id), and extend u ■ h ■ rj to a ^-monoid 
morphism / : 'PE* —> )PA*. By Lemma [A~9l there is a 
monoid morphism g : UE —> UA such that g • e-£ = e& ■ f. 



We claim that g is the desired factorization, i.e., g ■ cy = h. 
Using freeness of the ^-monoid 'PE* and since u is injective 
it suffices to prove u ■ g ■ es ■ rj = u ■ h ■ rj in Set, and indeed 
we have 


u ■ g • e s • 77 = u ■ e A ■ f ■ g fdef. g) 

= u ■ eA • u ■ h ■ 77 (def. /) 

= u ■ h ■ 77 (eA • u = id). 

(3) From the definition of U® and (2) above we immediately 
conclude that UA is the free monoid on a finite set A in the 
variety U®. Hence, since UA is finite, U® is a locally finite 
variety of ^-monoids. □ 

Proof of Theorem \lV.2\ The above map U U® defines 
the desired isomorphism. To see this, we describe its inverse 
W i-» W a . Let W be a locally finite variety of ^-monoids 
with free monoids es : 'Ll]* -» Dy in W. Define an object- 
finite variety W a of languages in 'if by forming, for each 
finite E, the dual local variety IU n E qTy of es, he., 
fi /D E = Dy- To verify that ii /D is a subfunctor of gT, 
consider a function /o : A —> E in Set f and the corresponding 
^-monoid morphism / = >P/g : <PA* —y 'PE*. Since Da 
is the free monoid on A in W, we get a unique ^-monoid 
morphism g : Ua —y Vy with with g ■ e a = €y ■ f. By 
Lemma IA.9I we dually get a TA-coalgebra homomorphism 
(fU n E)/ —» W a A, which implies that W a is a subfunctor 
of gT by Lemma IA.7I 

From Pronosition lA. 11 l and the definition of (—)® and (—) D 
it is clear that (U®) D = U. To show that (PU 0 )® = W, ob¬ 
serve first that the varieties (W a )® and W have by definition 
the same finitely generated free ^-monoids Dy, and hence 
contain the same finite ^-monoids. Moreover, both varieties 
are locally finite and hence form the closure (in the category 
®-Mon) of their finite members under filtered colimits. It 
follows that (PU D )® = W, as claimed. 

We conclude that U 1 —> V® defines a bijection between 
the lattices of object-finite varieties of languages (ordered by 
objectwise inclusion) and locally finite varieties of ^-monoids 
(ordered by inclusion). Moreover, clearly this bijection pre¬ 
serves and reflects the order, so it is a lattice isomorphism. 

□ 

We now turn to the Eilenberg theorem for simple varieties. 
For the proof we need to extend the right-derivative construc¬ 
tion of Notation III.201 


let (A, a) x be the LA-algebra with the same states A, the same 
transitions a a , but initial state ca{x). For a finite TA-coalgebra 
Q we define the TA-coalgebra Q x by 

Qx Qrey^(x)- 

Lemma A.13. Let x € |\PA*|. 

(a) Every homomorphism h : Q -A Q' between finite Ta- 
coalgebras is also a homomorphism h : Q x —> Q' x . 

(b) If Q t —> pTt\ is a finite local variety, then a Ta- 
coalgebra homomorphism from Q x to Q exists for every 
x e TA*. 

(c) For every finite TY-coalgebra Q and monoid mor¬ 
phism f : *PA* —>■ 'PE* we have 

( Q f )x = ( Qfx) f ■ 

Proof: For (a) notice first that every homomorphism h : 
(A, a) —>• (A', a') of TA-algebras yields a homomorphism 
h : (A,a) x -A ( A',a') x since by initiality of 'I'A* we have 
h-eA{ x) = eA'(x). Now given a homomorphism h : Q -A Q' 
between finite TA-coalgebras, we have its dual TA-algebra 
homomorphism h : Q' — > CL Hence, we have the L a -algebra 
homomorphism h :Q’ x = Q' revA(x) -A Q r ev A (x) = Qx and by 
duality the desired TA-coalgebra homomorphism h : Q x —> 
Q'x- ' 

For (b) see Q] Prop. 4.31] and its proof. It remains to prove 
(c). We first prove that 

{A f ) x = ( A fx y (6) 

for all L>j-algebras A = (A, a ) and ^-monoid morphisms 
/ : 'PA* —y 'PE*. Indeed, both (A^) x and ( Af x )f have states 
A and transitions Of n for a € A. Moreover, the initial state 
of (A^) x is e^/( x), and the initial state of ( Af x )f is e^(/a;). 
Hence, by Lemma UlI. 71 c). (A^) x and (A/ x )^ have the same 
initial state. 

Now let Q be a finite Ts-coalgebra. Then 


(Qf ) revA (x) 

(def. (-)*) 

{Q^ )rev A (x) 

(def. Q f ) 

^ r *j* 

(Q/t revA(a^)) 

(by ©) 

{Qrevsf(x)) 

(def /t) 

{&' 

(def. Qf x ) 

(Qjxj f 

(def. (-)/). 


Hence (Q f ) x = ( Qf x ) f , as claimed. □ 

Construction A.14. Let V be a variety of languages in 7? and 
E a finite alphabet. Given a finite local variety i : Q >—» UE 
we define a subvariety V' >—> V as follows. To define U'A 
for all finite A, consider, for every ^-monoid homomor¬ 
phism / : 'PA* —» 'PE*, the TA-coalgebra homomorphism 
Vf : (UE)/ UA, see Notation I A. 101 Then factorize the 
coalgebra homomorphism [Vf ■ i] : U/.^a»->-^£* Q^ 
as in Remark fll.81 

[Vf-i] = I lQ f -^tV'Ay^VA . 


Notation A.12. Let (A, a) be an TA-algebra and e ,4 : 'PA* —y 
A the initial homomorphism, see Remark Hl.161 For x € |\U A* | 
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Lemma A.15. V is a subfunctor of V (via the m&’s) and 
forms a simple variety with Q C V'T. 

Proof: (1) For every finite alphabet T and every r V- 
monoid morphism g : 'FI * —»■ 'FA* we prove that there exists 
a Tp-coalgebra homomorphism 


g' : (V'A) 9 -> V'T with mp ■ g' = Vg-m A - ( 8 ) 


By Lemma IA.7I this implies in particular that V' is a 
subfunctor of V. Denote by p : 9 > 

II/, Q h the Tp-coalgebra homomorphism whose /- 
component is the coproduct injection of h = f ■ g. Note that 
II/ 9 = (II/ Q^) 9 by Lemma IA.4I Hence we have the 
following diagram of Tr-coalgebra homomorphisms: 


(II f Q f ) B 

P 

U h Q h - 


V'A) 9 > 

I 

I 9 


m a 


(VAy 


(9) 


The outside of the diagram commutes because the /- 
components of the upper and lower path are Tp-coalgebra 
homomorphisms from the finite Tp-coalgebra Qf' 9 to VT >—> 
pTp, and gl\- is the terminal locally finite coalgebra. The de¬ 
sired Tp-coalgebra homomorphism g' is obtained via diagonal 
fill-in in CoalgTp, see Remark lil.81 

(2) V' A is a local variety for every A. Indeed, by definition 
V'A it is a subcoalgebra of VA and hence of gif. To 
prove closure under right derivatives, use Proposition 111.211 
since VA and Q are local varieties, we have TA-coalgebra 
homomorphisms h a : (V A) a -g VA for all a G A and 7/- 
coalgebra homomorphisms k x : Q x —>• Q for all x € \FE*, 
see Lemma |A. 131 b). Moreover, 


(\lQ f )a = ]l(Q f )a = l[(Qfa) f 

f f f 

by Lemma IA.13! c) and since the construction (—) a clearly 
commutes with coproducts. Hence we have the following 
diagram of TA-coalgebra homomorphisms 


(UQ f )a^(V'£) a 

/i'I'A* —| 

LI/ tzf a h' a 

I 

UQ f e& » V'A y 


A (VA) fl 


-4- HA 


whose outside commutes by a finality argument analogous to 
(1). Diagonal fill-in yields a TA-coalgebra homomorphism h' a : 
(V A) a —»• V'A, which shows that V'A is closed under right 
derivatives by Proposition III.21I 

(3) V' is a variety of languages. Indeed, apply Theo¬ 
rem IIII. 161 to conclude from ® that V' is closed under 
preimages. Moreover Q C V'T, due to the possibility of 
choosing / = id^s* in 0 for the case A = E. 


(4) V' is object-finite. Note first that for every finite alphabet 
A there exist only finitely many preimages Qf, where / : 
4/A* —» \FE* ranges over all ^-monoid morphisms: indeed, 
Q is finite and the coalgebra (f has the same set of states 
Q. Choose /i, ..., f n such that each Qf is equal to 

for some i. Then consider the TA-coalgebra homomorphism 
t ■ II/:*a*->*£* Q f ^ Hi=i Q h whose /-component is 
the coproduct injection of whenever Qf = Qf L Then 
tA = u - t for the obvious morphism u : IIIU Q fi V'A. 
Thus, u is surjective since eA is, proving that V'A is finite 
(being a quotient of the finite coalgebra U) ! =1 Qf'). 

(5) V' is simple. Indeed, given a variety V" of languages 
with j : Q >— > V"E a local subvariety, we prove V' >—> V". 
Denote by u' A : V'A >—> qT a and u' A : V"A >—> qT a the 
embeddings and by V"f : (V"H)f —> V"A the TA-coalgebra 
homomorphism of Theorem IIII. 161 Then the square 


II Q f - 




-4>H'A 


V’A qT a 

“a 

commutes due to qTa being the terminal locally finite 
TA-coalgebra. Diagonal fill-in yields the desired embedding 


V'A >-> V"A. 


□ 


Remark A.16. For every locally finite variety W of Q- 
monoids the set Wf of all finite members of W is clearly a 
pseudovariety of ^-monoids. Conversely, for every pseudova¬ 
riety W, we denote by (W) the variety generated by W, i.e., 
the closure of W under (infinite) products, submonoids and 
quotient monoids. 

Lemma A.17. For every simple pseudovariety W of S>- 
monoids, the variety (W) is locally finite and (W) / = W. 
In particular, the simple pseudovarieties of -monoids form a 
(full) subposet of all locally finite varieties of S>-monoids via 
the order-embedding W <—> (W). 

Proof: Suppose that the pseudovariety W is generated by 
the finite ^-monoid D. Then it is easy to see that also the 
variety (W) is generated by D, i.e., (W) = (D). Fix a finite 
set E and consider all functions u : E —>• \D\. They define 
a function (u) : E —>• | D \\ d I that extends uniquely to a 21- 
monoid morphism g : TE* . Letting g = m ■ e be is 

its factorization in f-Mon, we get the commutative diagram 
below: 



This shows that FT, (with universal map e • 77 ) is the free 
E-generated ^-monoid in ( W): it has the universal property 
w.r.t. D by the above diagram, and hence it has the universal 
property w.r.t. all monoids in (W) = (D). Moreover FT lies 
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in W, being a submonoid of a finite power of D. This implies 
that every finite monoid in (W) lies in W, since it is a quotient 
of a finitely generated free monoid. 

We conclude that (W) is locally finite and ( W) / = W, 
and this equation implies immediately that W (W) is an 
injective order-embedding □ 

Proof of Theorem \lV.4\ Recall the isomorphism V n- V ® 
between object-finite varieties of languages in V and locally 
finite varieties of ^-monoids from the proof of Theorem I IV. 21 
In view of Lemma IA.17I it suffices to show that this isomor¬ 
phism restricts to one between simple varieties of languages 
and simple pseudovarieties of ^-monoids, that is, 

V is simple iff (' V®)f is simple. 

(=>) If V is a simple variety of languages, generated by 
E, we prove that the pseudovariety (V®)/ is generated by 
the ^-monoid VS. First apply Construction I A. 14l to the finite 
local variety Q = VS. Then for the resulting variety V we 
have V' = V. Indeed, V C V follows from Lemma IA.151 
and V C V' holds because V is generated by E. It follows 
that for every A the morphism toa in Construction IA.14I 
is an isomorphism, or equivalently, the family of morphisms 
Vf : (VS)f —> V A, where / ranges over all ^-monoid mor¬ 
phisms / : TA* —>• d/E* is collectively strongly epimorphic 
in V. As in the the proof of Lemma IA.151 we choose finitely 
many homomorphisms /j, ..., f n : T'A* —> d^E* with h = 
[Vfi] : U ™ =1 (VS)? 1 -» VA a strong epimorphism. Dually, 
by Lemma lA.9 1 we get a ^-submonoid h : VA >—> YYi^xY^ 1 ' 
We conclude that every finitely generated free monoid V A of 
the pseudovariety C® is a AAsubmonoid of a finite power of 
VS. Consequently (V®)/ is generated by VS. 

(<=) If V is an object-finite variety of languages such that 
(V®)f (and hence also V®) is generated by a single finite 
^-monoid D, we prove that V is simple. Put S = \D\, then 
since D is a quotient of the free E-generated monoid VS in 
V®, it follows that the pseudovariety (V®)/ is also generated 
by VE. Thus, every ^-monoid in (V®)/ is a quotient of a 
submonoid of a finite power VS . Consequently, every free 
algebra LA of H® is a submonoid of a finite power VS . 
(Indeed, given a quotient e : D' -» VA and a submonoid 
* : D' >—> VS , choose a splitting u : |VA| —> \D'\, e-u= id, 
in Set. Since VA is free, we get a ^-monoid morphism 
h : VA —> D' which on the generators coincides with u. 
Then e ■ u = id implies e ■ h = id, hence i ■ h : VA —»• VS 
is a submonoid.) Consequently, by composition with the 
projections VS —>• LE we obtain a collectively monic 
collection gi,...,g n : VA —>• VS of ^-monoid morphisms. 
Choose ^-monoid morphisms f\, ..., f n : T>A* —>• 4/E* 
with es • fi = gi ■ ca (by starting with a splitting es • v = id 
in Set and extending v ■ gi ■ e a ■ V : A —>• |^E*| to a ffi- 
monoid morphism). By Lemma [A9l we get a collection of Xa- 
coalgebra homomorphisms h t : (VS)^ —>• VA that is collec¬ 
tively strongly epic. Hence the corresponding homomorphism 
[hi\ : U" = 1 (^S)^ t -» VA is a strong epimorphism in ^. We 
conclude that V is a simple variety generated by E: if V is 


any variety such j : VS >—> V'S is a local subvariety, then 
j is a TA-coalgebra homomorphism j : (VE)^ >—> (V'E)^ 
for every i by Lemma IA.4I Thus we have the diagram of TA- 
coalgebra homomorphisms 



where the morphism —> V'A exists by closure of 

V' under preimages. Diagonal fill-in shows that VA >—> V'A. 

□ 

Lemma A.18. Let V be a simple variety of languages in V. 
If V is generated by an alphabet E, then V is generated by 
any alphabet A with |A| > |E|. 

Proof: Let V be any variety with l 'A C V' A. Since V is 
generated by E, it suffices to show VS C V'S - then V C V' 
follows. Observe first that there exist ^-monoid morphisms e : 
d/A* -» 'TE* and m : 'PE* T'A* with e-m = id. Indeed, if 
E ^ 0, choose functions mo : S ^ A and eo : A -» E with 
eo-rrio = id in Set and put e = and m = T'jng. If E = 0 , 
consider the two (unique) monoid morphisms m! : 0 * —> A* 
and e' : A* —> 0* (satisfying e! ■ m! = id), and put e = d/e' 
and m = d/m'. It is easy to see that e and m are indeed 
^-monoid morphisms. 

Now let L e VS. By closure of V under preimages we have 
L ■ e G VA C V'A. Since V' is also closed under preimages, 
we conclude L = L ■ e ■ m G V'S and thus VS C V'S. □ 
Proof of The orem \lV.5\ (1) Let ,V(; denote the poset of all 
varieties of languages in Vi and its subposet of all simple 
ones. We prove that i/f- is the free cpo-completion of 
Note first that .!£-(; is a complete lattice (in particular, a cpo) 
because an objectwise intersection of varieties of languages 
Vi (i £ I) is a variety V. Indeed, the functor ffQ = 0<g x 
(jf - clearly preserves (wide) intersections, thus an intersection 
of subcoalgebras of pif in Vi is again a subcoalgebra. And 
since V> is a variety of algebras, intersections in V are formed 
on the level of Set. Now, from VS = fj i j V,S it clearly 
follows that VS is closed under derivatives. And closure under 
preimages is also clear: given L in |HE| and f : d(A* —> d^E* 
in ^-Mon, we have L-f in |V^A| for all i, thus L-f £ |VA|. 

Observe that also an objectwise directed union of varieties 
is a variety. The argument is the same: since V is a variety of 
algebras, directed unions are formed on the level of Set. 

It remains to verify the conditions (Cl) and (C2) of a free 
cpo-completion. 

(Cl) Every simple variety V is compact in .Vp;. Indeed, 
suppose that V is generated by E, and let V = U* e j be a 
directed union with V C V'. Then VS a local subvariety of 
V'S, and since VS is finite and |TA'E| = (J igJ |V)E| in Set, 
there exists i with VS a local subvariety of fjE. Therefore 
V C Vi because V is simple. 
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(C2) Every variety V of languages is the directed join 
(i.e. directed union) of its simple subvarieties. To show that the 
set of all simple subvarieties of V is indeed directed, suppose 
that two simple subvarieties Vo and V\ of V are given. By 
Lemma |A. 181 we can assume that both varieties are generated 
by the same alphabet E. In [l] Corollary 4.5] we proved that 
any finite subset of a local variety Q' >—> qTy. is contained in a 
finite local subvariety Q >—> ()'. Letting Q' = VE, this implies 
that VT, has a finite local subvariety Q containing VoEUVjE. 
Now apply Construction IA. 141 to Q to get a simple variety 
V' C V containing Vo and V\. 

Linally, by JH Corollary 4.5] and Construction IA. 1 41 again, 
every language in V is contained in a simple subvariety of V. 
Hence V is the desired directed union. 

(2) Let 2 zf@ denote the poset of all pseudovarieties of 5C 
monoids and its subposet of all simple ones. We again 
prove that is a free cpo-completion of . Lirst, is a 
complete lattice (in particular, a cpo) because an intersection of 
pseudovarieties is a pseudovariety. Observe that also a directed 
union of pseudovarieties is a pseudovariety. It remains to verify 
(Cl) and (C2). 

(Cl) Every simple pseudovariety W, generated by a finite 
^-monoid D, is compact in ££$. Indeed, if a directed join 
(i.e. directed union) of pseudovarieties (J- eJ contains W 
then some W % contains D and hence W. 

(C2) Every pseudovariety W of ^-monoids is a directed 
union of simple ones. Indeed, clearly W is the union of its 
simple subvarieties, and this union is directed because two 
simple subvarieties W\ , IVa C W (generated by D \ and D 2 , 
respectively) are contained in the simple subvariety of W 
generated by D\ x D 2 . 

(3) Lrom Theorem [lV.4l we know that Since 

is the free cpo-completion of by ( 1 ), and is the free 
cpo-completion of by ( 2 ), the uniqueness of completions 
gives 2£<g = JSf®. □ 

Appendix B 
Predualities 

In this appendix we prove in detail the preduality of 
JSL 01 and JSL (the basis of Polaks original Eilenberg-type 
correspondence | [20ll ) and the preduality of BR and Set* (the 
basis of our new Eilenberg-type correspondence). 

Theorem B.l. JSL 01 and JSL are predual. 

Proof: The desired dual equivalence (—) : (JSL 0 i)j P 
JSL f is defined on objects by 

Q = (Q,V,0,1) •-> Q= (Q\{1},A) 

and on morphisms h : Q —»• R by 

h : R —»• Q, hr = \J q, 

hq<r 

where q ranges over Q. Here and in the following, the 
symbols V, A, <, 0 and 1 are always meant with respect 
to the order of Q or R. We need to verify that (—) is (a) 
a well-defined functor, (b) essentially surjective, (c) faithful 


and (d) full. 

(al) h is well-defined as a function, that is, it maps the set 
R = R \ {1} to Q = Q \ {1}. Indeed, we have for all r £ 

h(hr) = h(\J q)= \J hq < r (*) 

hq<r hq<.r 

which implies hr 1 because hi = 1. 

(a2) h is a JSL-morphism, that is, h{r Ar') = hr A hr’ holds 
for all r,r' £ R\ {1}. Here “<” follows from the (obvious) 
monotonicity of h. For the converse we compute 

h(hr A hr') < h(hr) A h(hr') < r Ar'. 

The first inequality uses monotonicity of h and the second one 
uses (*). Hence hr A hr' is among the elements q in the join 
h(r A r') = \/ hq<rAr i q , which implies hr A hr' < h{r A r'). 

(a3) The assignment h 1 —>■ h trivially preserves identity mor¬ 
phisms. For preservation of composition we consider h : Q — 
R and k : R —>• S in (JSLoi)y and show kh{s) = h ■ k(s) 
for all s £ S \ {1}, i.e., 

V 9= v «• 

kh(q)<s hq<ks 

This equation holds because, for all q £ Q, the inequalities 
kh(q) < s and hq < ks are equivalent. Indeed, if kh(q) < s 
then hq < \/ kr<s r = ks. Conversely, if hq < ks then 

k{hq) < k{ks) = k(\J r) = \J kr < s, 

kr<.s kr<s 

using that k is monotone and preserves joins. 

(b) On the level of posets the construction Q 1 —> Q first 
removes the top element and then reverses the order. 
Conversely, we can turn any semilattic^] P in JSL f to a 
semilattice P in (JSL 01 )/ by first adding a new bottom 
element and then reversing the order. Up to isomorphism these 
two constructions are clearly mutually inverse, so P = P for 
all P. This proves that (—) is essentially surjective. 

(c) Given h \ Q —¥ R in (JSL 01 )/ we claim that, for all 

q £ < 9 , 

hq = f\ r (**) 

q<hr 

where r ranges over R \ {1}. This immediately implies that 
(—) is faithful. To show “<” let r £ R \ {1} with q < hr. 
Since h is monotone and preserves joins, we have 

hq < h(hr) = h( \J q') = \J hq' < r. 

hq'<.r hq'<r 

2 Note that any nonempty finite semilattice necessarily has a top element, 
namely the (finite) join of all of its elements. 
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For the converse note that 

q< V q' = h(hq). 

hq f <hq 

Hence hq is one of the elements r occuring in the meet (**), 
which means that this meet is < hq. 

(d) Given g : R —> Q in JSL/ we need to find h : Q —> R 
in (JSLqi) / with g = h. First extend g : R \ {1} —> Q \ {1} 
to a map p : R —> Q by setting pi = 1. Then p preserves 
all meets of R because p preserves all non-empty meets of 
R \ {1}. Inspired by (c) we define 

hq = /\ r, 

q<gr 

where r ranges over R. Let us show that h indeed defines a 
JSLoi-morphism. First, h preserves 0 and 1 because 

hO = r = A r = 0, 

0 <gr r 

and 

hi = /\ r = l 

i <gr 

In the last equation we use that pi = 1, and no other element 
of R is mapped to 1 by p since the codomain of p is Q \ {1}. 
For preservation of joins, /i(pVp') = hq\/hq' for all q , q' G Q , 
first note that “>” follows from the (obvious) monotonicity of 
h. For the other direction we compute 

q < /\ 9 r =V( f\ r) = g(hq) 

q<gr q<gr 

and analogously q' < Iq(hq'). Hence 

?Vg'< g{hq) V g(hq') < g(hq V hq'). 

The last step uses the monotonicity of p. So hq\Jhq' is among 
the elements r in the meet defining h(q V p') = A qvq'<gr r ’ 
which implies h{q V p') < hqV hq'. 

Finally, we prove p = h, i.e., 

gr= V q 

hq<r 

for all r G R \ {1}. To show “ >” take any p G Q satisfying 
hq < r. Then 

q < f\ gr' = g{ f\ r ') = V( h q) < 9 r = g r - 

q<gr' q<gr‘ 

For “<” note first that 

h(gr) = ^ r' < r. 

gr<gr' 

The last step uses that r is one of the elements r' over which 
the meet is taken. Hence gr is one of the elements p in the 
join V hq<r 9’ S0 9 r < \/hq<r 9- D 

Remark B.2. (a) Every non-unital boolean ring is a distribu¬ 
tive lattice with 0 where the meet is multiplication and the 


join is xVy = x + y + x-y. Hence every finite non-unital 
boolean ring has a unit 1, the join of all its elements. However, 
homomorphisms between finite non-unital boolean rings need 
not preserve the unit. 

(b) The category UBR of unital boolean rings and unit¬ 
preserving ring homomorphisms is isomorphic to the category 
BA of boolean algebras (and hence predual to Set). Recall 
that under this isomorphism + corresponds to exclusive dis¬ 
junction and • to conjuction. 

Theorem B.3. BR and Set* are predual. 

Proof: Recall that (Set*)/ is equivalent to the Kleisli 
category of the monad Z Z+ 1 oil Set/. The dual comonad 
on UBR/ ~ ® e t/ P is MX = X x 2 (where 2 = {0,1} is 
the two-element boolean ring) with counit 

A x 2 ^4 X, £x(x, b) = x, 

and comultiplication 

A x 2 —^4 A x 2 x 2, 6 x {x,b) = (x,b,b), 

and it suffices to show that the Co-Kleisli category K1(M) of 
this comonad is isomorphic to BR/. The desired isomorphism 
/ : K1(M) BR/ is identity on objects and takes a Kleisli 
morphism / : A x 2 —> Y to the BR/-morphism 

If-X—tY, If(x) = f(x, 0). 

It remains to verify that I is a well-defined full and faithful 
functor. 

(1) If is clearly a BR/-morphism since 0 + 0 = 0 and 
0-0 = 0 . 

(2) I preserves identities: the identity morphism of A G 
K1(M) is ex, and 

Iex(x) = £x{x, 0) =x = idx(z). 

(3) I preserves composition: the composition of Kleisli 
morphisms / : A x 2 —> Y and p : Y x 2 —> Z is 
g • f : X x 2 —> Z where 

9* f(x, b) =goMfo5 x (x,b) = g(f(x,b),b). 

Therefore 

J (g 9 f)(x) =g»f(x, o) 

= g(f(x, 0), 0) 

= g{If(x), 0) 

= ig{if{x)) 

= Igo If{ x ) 

(4) / is faithful: let /, p : A x 2 —> Y be Kleisli morphisms 
with If = Ig, i.e., f(x, 0) = g(x, 0) for all x. Then 

/(*, 1) =/(®,0)+ /(M) +/(1,0) 

= /(®,0) + l + /(l,0) 

= g(x, 0) + p(l, 1) +p(l,0) 

= 9(x, 1) 
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which implies f = g. 

(5) / is full: let / : X —> Y be a BRy-morphism. We claim 
that the map 

g:Xx2^Y, g(x,b) = f(x) + b + b ■ f( 1), 

is a UBR/-morphism with Ig = f. First, the equation Ig = f 
clearly holds: 

Ig(x) = g(x, 0 ) 

= /(*) + 0 + 0-/(l) 

= f(x). 

To show that g is a UBRy-morphism we compute 

ff(0,0) = /(0) + 0 + 0-/(l) = 0+ 0 + 0 = 0 

and 

< 7 ( 1 , 1 ) = /( 1 ) + 1 + 1 -/( 1 ) 

= /(l) + /(l) + l = 0 + 1 = 1. 

Further, 

g(x,b) + g(x',b') 

= (/(*) + b + b • /( 1 )) + + b' + b'. /( 1 )) 

= f(x + x') + b + b’ + (b + b’) ■ /( 1 ) 

= g(x + x 1 , b + b') 

and 


g(x,b) ■ g(x',b') 

= (fx + b + b-f(l))-(fx' + b' + b'-f(l)) 

= fx ■ fx' + (fx ■ b' + fx ■ b' ■ /( 1 )) 

+ (b ■ fx' + b ■ fx' ■ /( 1 )) 

+ (b-b' -/(l) + b- b’ -/(l) -/(l)) 

+ 6- 6' + 6- 6'- /(I) 

= fx ■ fx' + (fx -b' + fx- b') + (b- fx' + b- fx') 

+ (b-b' ■ f( 1 ) + b ■ b' ■ }( 1 )) + b-b' + b-b'- f( 1 ) 

= f(x ■ x') + b ■ b' + b ■ b' ■ f( 1 ) 

= g(x ■ x',b ■ b'). 

In the third step we use fx ■ f( 1) = fx, fx' ■ f( 1) = fx' 
and /( 1 ) ■ /( 1 ) = /( 1 ), and in the fourth step the equation 
u + u = 0. □ 

Remark B.4. By composing the equivalences 

BR/ ~ K1(M) ~ (K1(Z ^ Z + l)) op ~ (Set*)° p 

of the above proof, one obtains the explicit description of the 
preduality between BR and Set* in Example 111.51 c ). 
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